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PREFACE. 



I HAVE attempted in this work to explain and illustrate 
the principles of that portion of Plane Trigonometry which 
precedes De Mbivre's Theorem. The method of explanation 
is similar to that adopted in my Elementary Algebra. 
The- examples, progressive and easy, have been selected 
chiefly from College and University Examination Papers, 
but I am indebted for many to- the works of several 
German- writers, especially those of Dienger, Meyer, Weiss, 
and Wiegand, I have carried on the subject somewhat 
beyond the limits set by the Regulations for the Exami- 
nation of Candidates for Honours in the Previous Exami- 
nation for two reasons : first, because I hope to see those 
limits extended, secondly, that my work may be more 
useful to those who are reading the subject in Schools and 
to Candidates in the Local Examinations. 

J. H. SMITH. 

Cambridge, 

Feb. 18, 1870. 
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CHAPTER I. 

ON THE APPLICATION OF ALGEBRA TO CERTAIN GEOMETRICAL 

PROPOSITIONS. 

1. Trigonometry was originally, as the name imports, the 
science which furnished methods for determining the magnitude 
of the sides and angles of triangles, but it has been extended 
to the treatment of all theorems involving the consideration of 
angular magnitudes. 

2. By way of introduction to the Bubject we have to treat 
in this chapter, first, of the representation of lines by Algebraic 
Symbols, and, secondly, of the relation existing between the cir- 
cumference of a circle and its diameter. 

3. To measure a line A B we fix upon some line as a standard 
of linear measurement : then if AB contains the standard line 
p times, p is called the measure of AB, and the magnitude of AB 
is represented algebraically by the symbol p. 

Since the standard contains itself once, its measure is unity, 
and it will be represented by 1. 

4. Two lines are said to be commensurable when each contains 
a line taken as the standard of measurement (or, as it is commonly 
called, the unit of length) an exact number of times. 

5. If the measures of two lines AB, CD be p and q respect- 

P 
ively, the ratio AB : CD is represented by the fraction - . 

5. T. \ 
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6. Magnitudes of things cannot properly be made subject to 
the rules and operations of Algebra, as* these rules and operations 
have only been proved for algebraical symbols. We must there- 
fore find some algebraical representative for any magnitude before 
we subject it to /algebraical operations : such a representative is 
the measure of that magnitude with the proper sign prefixed 
according to rules to be given hereafter. 

7. In the application of Algebra to Geometry it is the 

practice of most writers to use the geometrical representative 

of a magnitude where the algebraical representative ought to be 

employed. Thus suppose p and q to be the measures of two 

AB 
lines AB, CD, we often find the fraction -p^y where we ought in 

strictness to find the fraction - . This loose method of notation 

is, however, sometimes less cumbersome, and we shall therefore 
retain it at the risk of a slight want of clearness. 

Examples. — L 

(1) If the unit of length be an inch, by what number will 
4 feet 6 inches be represented ? 

(2) If 7 inches be taken as the unit of length, by what number 
will 15 feet 2 inches be represented ? 

(3) If 192 square inches be represented by the number 12, 
what is the unit of linear measurement ? 

(4) If 1000 square inches be represented by the number 40, 
what is the unit of linear measurement ? 

(5) If 216 cubic inches be represented by the number 8, what 
is the unit of linear measurement ? 

(6) If 2000 cubic inches be represented by the number 16, 
what is the unit of linear measurement ? 

(7) If a yards be the unit of length what is the measure of 
tfeetl 
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(8) If the measure of m yards be c, what is the measure of 
n feet? 

8. Now suppose the measures of the sides of a right-angled 
triangle to be p, q, r respectively, the right angle being subtended 
by that side whose measure is r. 




Then since the geometrical property of such a triangle, esta- 
blished by Euclid I. 47, may be extended to the case in which the 
sides are represented by numbers or symbols standing for numbers, 

p* + <f = t*. 

If any two of the numerical quantities involved in this equa- 
tion are given, we can determine the third. 

For example, if r = 5 and q = 3, 

.-. ^ = 16, 
.*. p=4t. 



Examples. — II. 

(1) The hypothenuse being 51 yards, and one of the sides 
containing the right angle 24 yards, find the other side. 

(2) The sides containing the right angle beia% & fe& *xA 
6 feet, find the hypoihenuae. 



ELEMENTARY TRIGONOMETRY. 



(3) A rectangular field measures 225 yards in length, and 
120 yards in breadth ; what will be the length of a diagonal path 
across it ? 

(4) A rectangular field is 300 yards long and 200 yards broad ; 
find the distance from corner to corner. 

(5) A rectangular plantation, whose width is 88 yards, con- 
tains 2| acres; find the distance from corner to corner across the 
plantation. 

(6) The sides of a right-angled triangle are in Arithmetical 
Progression and the hypothenuse is 20 feet ; find the other sides. 

(7) The sides of a right-angled triangle are in Arithmetical 
Progression ; shew that they are proportional to 3, 4, 5. 

(8) A ladder, whose foot rests in a given position, just reaches 
a window on one side of a street, and when turned about its foot, . 
just reaches a window on the other side. If the two positions of 
the ladder be at right angles to each other, and the heights of 
the windows be 36 and 27 feet respectively, find the width of the 
street and the length of the ladder. 

(9) In a right-angled isosceles triangle the hypothenuse is 
12 feet, find the length of each of the other sides. 

(10) What is the length of the diagonal of a square, whose 
side is 5 inches ¥ 

(11) The area of a square is 390625 square feet ; what is the 
diagonal? 

(12) Each side of an equilateral triangle is 1 3 ; find the length 
of the perpendicular dropped from one of the angles on the oppo- 
site side. 

(13) IS ABC be an equilateral triangle and the length oi AD, 
a perpendicular on JBC, be 15; find the length of AB. 
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(14) The radios of a circle is 37 inches ; a chord is drawn in 
the circle : if the length of this chord be 70 inches, find its distance 
from the centre. 

(15) The distance of a chord in a circle from the centre is 
180 inches ; the diameter of the circle is 362 inches : find the 
length of the chord. 

(16) The length of a chord in a circle is 150 feet, and its 
distance from the centre is 308 feet; find the diameter of the 
circle. 

4 

9. We now proceed to treat of the ratio of the circumference 
of a circle to the diameter of that circle. 

10. It is evident that a straight line can be compared as to 
its length with a circular arc, and that consequently the ratio 
between such lines can be represented in the form of a fraction. 

11. We must assume as an axiom that 
an arc is greater than the chord subtending 
it : that is, if ABB be part of the circum- 
ference of a circle cut off by the straight ., 
line AB, the length of ABB is greater than 
the length of AD. 

12. A figure enclosed by any number of straight lines is 
called a 'polygon. 

13. A. regular polygon is one in which all the sides and 
angles are equal 

14. The perimeter of a polygon is the sum of the sides. 
Hence if AB be one of the sides of a, regular polygon of n sides 
the perimeter of the polygon will be n, AB. 

15. The circumference of a circle is greater than the perimeter 
of any polygon which can be inscribed in Mte caidte, \sv& *& ^&r> 




ELEMENTARY TRIGONOMETRY. 



number of sides of such a polygon is increased the perimeter of 
the polygon approaches nearer to the circumference of the circle, as 
will appear from the following illustration. 




Let AB be the side of a regular hexagon ABDEFQ inscribed 
in a circle. 

Then AB is equal to the radius of the circle. Eucl. ry. 15. 

Now the arc ACB is greater than AB, 
and the circumference of the circle is therefore larger than the 
perimeter of the hexagon. 

Hence 

the circumference is greater than six times the radius, 

and greater than three times the diameter. 
Now suppose C to be the middle point of the arc AB. 

Join AC, GB. 

These will be sides of a duodecagon or regular figure of 12 sides 
inscribed in the circle. 

Now AC, CB are together greater than AB: but AC, CB are 
together less than the arc ACB. 
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Hence the perimeter of the duodecagon will be less than the 
circumference of the circle, but will approximate more nearly to the 
circumference of the circle than the perimeter of the hexagon. 

So the larger the number of sides of a polygon inscribed in a 
circle, the more nearly does the perimeter of the polygon approach 
to the circumference of the circle ; and when the number of sides is 
infinitely large, the perimeter of the polygon will become ultimately 
equal to the circumference of the circle. 

16. To shew that the ratio of the circumference of a circle 
to the radius is the same for all circles. 





Let and o be the centres of two circles. 

Let AB, ah be sides of regular polygons of n sides inscribed in 
the circles, P, p the perimeters of the polygons, and C, c the cir- 
cumferences of the circles. 

Then OAB 9 oab are similar triangles. 
.*. OA : oa :: AB : ah 

:: n.AB : n.ab 
:: P : p. 

Now when n is very large the perimeters of the polygons may 
be regarded as equal to the circumferences of the circles; 

.•. OA : oa :: G : c. 

Hence it follows that the circumference of a circle varies as 
the radius of the circle. 
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17. Since the circumference varies as the radius, the ratio 

circumference 

n — - — is the same for all circles, and therefore the ratio 

radius 

circumference . ,, „ .. . . 

_^ — is the same for all circles. 

diameter 



18. Def. The ratio — r . is denoted by the sym- 

diameter J J 



bol 



IT, 



19. The value of this numerical quantity ir cannot be deter- 
mined exactly, but it has been approximately determined by various 
methods. 

If we take a piece of string which will exactly go round a 

penny, and another piece which will exactly stretch across the 

diameter of the penny: if we then set off along a straight line 

seven lengths of the first string, and on another straight line 

by the side of the first we set off twenty-two lengths of the 

second string, we shall find that the two lines are very nearly 

equal. Hence 22 diameters are nearly equal to 7 circumferences, 

, . circumference 22 . 

that is the ratio — -^ = — nearly, or in other words 

22 

the fraction -=- is a rough approximation to the value of tt. 

355 

The fraction ^tq gives a closer approximation. 

The accurate value of the ratio to 5 places of decimals is 3*14159. 

20. Suppose we call the radius of a circle r : then the dia- 
meter = 2r. 

•vr circumference 

Now — = ir: 

diameter 

circumference 

'"' Yr = *'' 

.: circumference = 2»r. 
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Hence arc of semicircle = irr, 

and arc of quadrant = -=- . 



Examples. — III. 

22 
In the following examples the value of v may be taken as — . 

(1) The diameter of a circle is 5 feet, what is its circumference? 

(2) The circumference of a circle is 542 ft. 6 in., what is its 
radius 1 

(3) The driving-wheel of a locomotive-engine of diameter 6 feet 
makes 2 revolutions in a second : find approximately the number 
of miles per hour at which the train is going. 

(4) Supposing the earth to be a perfect sphere whose circum- 
ference is 25000 miles, what is its diameter ? 

(5) The diameter of the Sun is 883220 miles, what is its 
circumference 1 

(6) The circumference of the moon is 6850 miles, what is its 
radius? 

(7) Find the length of an arc which is ^ of the whole circum- 
ference, if the radius is 12 ft. 6 in. 

(8) Find the length of an arc which is = of the whole circum- 
ference, if the diameter is 21 feet. 

» 

(9) The circumference of a circle is 150 feet, -whafc ia tba «L<Jfc 
of & square inscribed in itl 



10 
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(10) The circumference of a circle is 200 feet, what is the side 
of a square inscribed in it ? 

(11) A water-wheel, whose diameter is 12 feet, makes 30 revo- 
lutions per minute. Find approximately the number of miles per 
hour traversed by a point on the circumference of the wheel. 

(12) A mill-sail, whose length is 21 feet, makes 15 revolutions 
per minute. How many miles per hour does the end of the sail 
traverse ? 

21. The angle subtended at the centre of a circle by an arc 
equal to the radius of the circle is the same for all circles. 




Let be the centre of a circle, whose radius is r ; 

AB the arc of a quadrant, and therefore AVB a right angle ; 

AP an arc equal to the radius AO. 



irr 




Then, AP=r and AB=-^. (Art. 20.) 

Now, by Euc. vi. 33, 

angle A OP arc AP 
angle AOB "~ arc AB 9 



or, 
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angle AOP 
a right angle 


r 
¥ 




_ 2r 

"~ XT 




2 

IT 


angle AOP 


2 right angles 



Hence 

Thus the magnitude of the angle AOP is independent of r and 
is therefore the same for all circles. 



CHAPTER II. 

ON THE MEASUREMENT OP ANGLES. 

22. Euclid defines a plane rectilineal angle as the inclination 
of two straight lines to each other, which meet, but are not in the 
same straight line. Hence an angle in Geometry must be less than 
two right angles. 

In Trigonometry the term angle is used in a more extended 
sense, the magnitude of angles in this science being unlimited. 




23. An angle in Trigonometry is denned in the following 
manner. 

Let WQE be a fixed straight line, and QP a line which revolves 
about the fixed point Q, and which at first coincides with QE. 

Then when QP is in the position represented in the figure, we 
say that it has described the angle PQE. 

The advantage of this definition is that it enables us to consider 
angles not only greater than two right angles, but greater than 
four right angles, viz. such as are described by the revolving line 
when it makes more than one complete revolution. 

24. In speaking of a trigonometrical angle we must take 
into account the position from which the line that has described 
the angle started. 
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Suppose for instance that QP, starting from the position QE 
and revolving in a direction contrary to that in which the hands 
of a watch revolve, has come into the position indicated in the 
figure. It has then described an angle EQP greater than two 
right angles. 

25. The magnitudes of angles are represented by numbers 
expressing how many times the given angles contain a certain 
angle fixed upon as the unit of angular measure. 

When we speak of an angle we mean an angle which contains 
the unit of angular measurement times. 

26. There are three modes of measuring angles, called 
I. The Sexagesimal or English method, 

II. The Centesimal or French method, 

IH. The Circular Measure, 
which we now proceed to describe in order. 

I. The Sexagesimal Method. 

27. In this method we suppose a right angle to be divided 
into 90 equal parts, each of which parts is called a degree, each 
degree to be divided into 60 equal parts, each of which is called 
a minute, and each minute to be divided into 60 equal parts, each 
of which is called a second. Then the magnitude of an angle is 
expressed by the number of degrees, minutes and seconds, which it 
contains. Degrees, minutes and seconds are marked respectively 
by the symbols °, ', ": thus, to represent 14 degrees, 9 minutes, 
37-45 seconds, we write 14°. 9'. 37"-45. 
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28. We can express the measure of an angle (expressed in 
degrees, minutes and seconds) in degrees and decimal parts of a 
degree by the following process. 

Let the given angle be 39°. 5'. 33", 

5'. 33" =333". 

Then since 1 = 360(T, 

= -0925 of a degree ; 
. \ 39°. 5'. 33" = 39 0925 degrees. 



Examples. — IV. 

Express as the decimal of a degree the following angles. 

(1) 24°. 16'. 5", (4) 5'. 28", 

(2) 37°. 2'. 43", (5) 375°. 4', 

(3) 175°. 0'. 14", (6) 78°. 12'. 4". 



XL The Centesimal Method. 

29. In this method we suppose a right angle to be divided 
into 100 equal parts, each of which parts is called a grade, each 
grade to be divided into 100 equal parts, each of which is called 
a minute, and each minute to be divided into 100 equal parts, each 
of which is called a second. Then the magnitude of an angle 
is expressed by the number of grades, minutes and seconds, which 
it contains. Grades, minutes and seconds are marked respectively 
by the symbols *, \ ": thus, to represent 35 grades, 56 minutes, 
84-53 seconds, we write 35*. 56\ 84**58. 

The advantage of this method is that we can write down the 
minutes and seconds as the decimal of a grade by inspection. 
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Thus, if the given angle be 14* 19\ 57", 

19 
since 19 x -t?w% of a grades -19 grades, 

and 57" = jkqKq of a grade= -0057 grades, 

14*. 19\ 5r = 14-1957 grades. 

30. If the number expressing the minutes or seconds has only 
one significant digit, we must prefix a cipher to occupy the place of 
tens before we write down the minutes and seconds as the decimal 
of a grade. 

Thus 25*. 9\ 54". = 25*. 09\ 54" 

= 25 0954 grades, 
and 36*. 8\ 4". = 36* 08\ 04" 

= 36 0804 grades. 



Examples. — V. 

Express as decimals of a grade the following angles : 

(1) 25*14\25% (4) 15\7"-45, 

(2) 38*.4\15", (5) 425*. 13\ 5"54, 

(3) 214* 3\ 7", (6) 2*.2\2"-22. 

31. The Centesimal Method was introduced by the French 
Mathematicians in the 18th century. The advantages that would 
have been obtained by its use were not considered sufficient to 
counterbalance the enormous labour which must have been spent 
on the re-arrangement of the Mathematical Tables then in use. 

ILL The Circular Measure. 

32. In this method, which is chiefly used in the higher 
branches of Mathematics, the unit of angular measurement may 
be described as 
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(1) The angle subtended at the centre of a circle by an arc 
equal to the radius of the circle, 

or, which is the same thing, as we proved in Art. 21, as 

(2) The angle whose magnitude is the 7rth part of two right 
angles. 

33. It is important that the beginner should have a clear 
conception of the size of this angle, and this he will best obtain by 
considering it relatively to the magnitude of that angular unit 
which we call a degree. 

Now the unit of circular measure 

two right angles 180° _,_„ ftAKO . 

Now if BC be the quadrant of a circle, and if we suppose the 
arc BC to be divided into 90 equal parts, 
the right angle BAG will be divided by 
the radii which pass through these points 
into 90 equal angles, each of which is 
called a degree. 

A radius AP meeting the arc at a cer- 
tain point between -the 57th and 58th 
divisions, reckoned from B, will make with 
AB an angle equal in magnitude to the unit of circular measure. 

Hence an angle whose circular measure is 2 contains rather 
more than 114 degrees, and one whose circular measure is 3 con- 
tains about 172 degrees, or rather less than two right angles. 

34. Again, since the unit of circular measure = — — — —-= — ' 

v 

w times the unit of circular measure = 2 right angles. 

Hence 
an angle whose circular measure is ir is equal to 2 right angles, 

2 a right angle, 

2x 4 right angles. 
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35. To shew that the circular measure of an angle is equal to 
a fraction which has for its numerator the arc subtended by that 
angle at the centre of any circle, and for its denominator the radius 
of that circle. 

Let BOB be any angle. 

About as centre and with any radius, describe a circle cutting 
OE in A, and OB in R. 




Make angle A OP equal to the unit of circular measure. 

Then arc AP = radius AO (Art. 32). 

Now, by Euc. vi. 33, 

angle APE _AR # 
angle AOP~AP' 

AR 
.'. angle AOR=-r-p. angle A OP 

AR , d „ n 

= jq. angle AOP 

= — -T-. — . unit of circular measure : 
radius ' 

.: circular measure of angle A OR 

arc 
radius" 
B.T, ft 
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36. The units in the three systems when expressed in terms 
of one common standard, two right angles, stand thus : 

the unit in the Sexagesimal Method = twf: of two right angles, 
the unit in the Centesimal Method =± ^r^r of two right angles, 
the unit in the Circular Method = - of two right angles. 

IT 

37. It is not usual to assign any distinguishing mark to angles 
estimated by the Third Method, but for the purpose of stating the 
relation between the three units in a clear and concise form, we 
shall use the symbol l c to express the unit of circular measure. 

Then we express the relation between the units thus : 

1 1 1 



I* : l c = 



180 ' 200 ' v 



CHAPTER III. 

OK THE METHOD OF CONVERTING THE MEASURES OF ANGLES 
FROM ONE TO ANOTHER SYSTEM OF MEASUREMENT. 

38. We proceed to explain the process for converting the 
measures of angles from each of the three systems of measurement 
described in' Chap. II. to the other two. 

39. To convert the measure of an angle expressed in degrees 
to the corresponding measure in grades. 

Let the given angle contain D degrees. 

1 degree = — of a right angle ; 

.*. D degrees = ^r of a right angle 

= 0* of 100 grades 



90 
100 D 



90 
10D 



grades 



grades. 



9 

Hence we obtain the following rule : If an angle be expressed 
in degrees, multiply the measure in degrees by 10, divide the result 
by 9, and you obtain the measure of the angle in grades. 

Ex. How many grades are contained in the angle 24°. 51'. 45"? 

24°. 51'. 45" = 24-8625 degrees 

10 

9 



248-625 



grades 27*625 
.% the angle contains 27*. 62\ 50% 



2— a 
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Examples. — VL 
Find the number of grades, minutes and seconds in the follow- 
ing angles : 



(1) 


27°. 15'. 46". 


(2) 


157°. 4'. 9". 


(3) 


24.18". 


<*) 


W.V.IV. 


(5) 


143°. 9'. 


(6) 


28°. 


(?) 


10°. 25'. 48". 


(8) 


27°. 38'. 12". 


(9) 


300°. 15'. 58". 


(10) 


422°. 7'. 22". 



40. To convert the measure of an angle expressed in grades 
to the corresponding measure in degrees. 
Let the given angle contain O grades. 

1 grade = ^kk of a right angle ; 
.•. Q grades = ^r of a right angle 

= jTTfi of 90 degrees 

900 , 
= iw degrees 

= jg degrees. 

Hence we obtain the following rule : If an angle be expressed 
in grades, multiply the measure in grades by 9, divide the result 
by 10, and you obtain the measure of the angle in degrees. 

Ex. How many degrees are contained in the angle 42 g . 34\ 56" ?, 

42*. 34\ 56" = 42-3456 grades 

9 



10 



38M104 



degrees 38*11104 

60 



minutes 6 66240 

60 




seconds 39*74400 
angle contains 38°. 6'. 39"-744. ' 
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Examples. — "VTL 

Find the number of degrees, minutes, and seconds in the fol- 
lowing angles : 

(1) 19«.45\95*. (2) 124«5\8". 

(3) 29«.75\ (4) 15«.0\15". 

(5) 154'.7\24*. («) 43*. 

(7) 38«. 71\ 20"-3. (8) 50«.76\9r-3. 

(9) 17C63\2r\ (10) 324«. 13\ 88"-7. 

41. If the number of degrees in an angle be given, to find 
its circular measure. 

Let the given angle contain D degrees. 
1° = y^ of two right angles 

= yqa °f v units of circular measure 

= r-^pr units of circular measure ; 
lot) 

Die 
. \ D° = z-g^r units of circular measure. 
loU 

Hence we obtain the following rule : 

If an angle be expressed in degrees, multiply the measure in 
degrees by it, divide the result by 180, and you obtain the cir- 
cular measure of the angle. 

Ex. Find the circular measure of 45°. 15'; 

45°. 15' =45 -25 degrees; 

.*. circular measure required is 

45-25 x it _ 4525tt _ 905*- _ 18br 
180 " 18000 - 3600 ~~ 720 * 
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Examples. — VIII. 

Express in circular measure the following angles : 

(1) 60°. (2) 22°. 30'. (3) 11°. 15'. (4) 270*. 

(5) 315°. (6) 24°. 13'. (7) 95°. 20'. (8) 12°. 5'. 4". 

(9) The angles of an equilateral triangle. 

(10) The angles of an isosceles right-angled triangle. 

42. If the circular measure of an angle be given to find the 
number of degrees which it contains. 

Let 6 be the given circular measure. 

l c = - of two right angles 

— - of 180 degrees 

180 , 
= — degrees j 
it 

... tj™. degree. 

Hence we obtain the following rule : 

If an angle be expressed in circular measure, multiply the 
measure by 180, divide the result by ir, and you obtain the mea- 
sure of the angle in degrees. 

Ex. Express in degrees the angle whose circular measure 
5ir 



18 "8 



are 



,_ . , 5ttx180 900 ,, orcJ 

The measure in degrees = — o = -£-= 112-D degrees. 

Examples. — IX. 

» 

Express in degrees, &c. the angles whose circular measures 

(1) J. (2) J. (3) J. (4) J. (5) £. 

(«) I- (0 \. (8) \. (?) J. (10) 3. 
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43. Similar rules will hold with respect to the equations for 
connecting the centesimal and the circular systems, 200 being put 
in the place of 180 : thus 

circular measure of an angle containing G grades = G . - — , 
number of grades in the angle whose circular measure is 6 = 6 . . 

Examples. — X. 
Express in circular measure the following angles : 

(1) 50*. (2) 25*. (3) 6*.25\ (4) 250*. 

(5) 500*. (6) 13*.5\5 X \ (7) 24* 15\ 2M5. 

(8) 125*. 0\13 x \ (9) 8\ (10) 5*. 

Examples. — XL 

Express in grades, &c. the angles whose circular measures 
are 

a) ;. (2) ;. (3) j. (4) **. (5) £. 

44. We shall now give a set of Miscellaneous Examples to 
illustrate the principles explained in this and the two preceding 
Chapters, 

Examples.— XII. 

1. If the unit of angular measurement be 5°, what is the 
measure of 22£° 1 

2. If an angle of 42|° be represented by 10, what is the unit 
of measurement 1 

3. An angle referred to different units has measures in the 
ratio 8 to 5 ; one unit is 2°, what is the other ? Express each unit 
in terms of the other/ . 
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4. An angle referred to different units has measures in the 
ratio 7 to 6; one unit is 3°, what is the other? Express each 
unit in terms of the other, 

5. If half a right angle be taken as the unit of angular 
measurement, what is the measure of an angle of 42° 1 

6. Compare the angles 13°. 13'. 48" and 14*. 7\ 

7. If D be the number of degrees in any angle and the 
number of grades, shew that G = D + -^D. 

8. An equilateral triangle is divided into two triangles by a 
line bisecting one side ; express the angles of these two triangles 
in degrees and grades respectively. 

9. It being given that the angle subtended by an arc equal 
to the radius is 57 0, 29577, find the ratio of the circumference of a 
circle to its diameter. 

10. Two angles of a triangle are in magnitude as 2 : 3. If 
the third angle be a right angle, express the angles of this triangle 
in each of the three systems of measurement. 

11. Two straight lines drawn from the centre of a circle con- 
tain an angle subtended by an arc which is to the whole circum- 
ference as 13 : 27 ; express this angle in degrees. 

12. An arc of a circle is to the whole circumference as 17 : 54 ; 
express in grades the angle which the arc subtends at the centre 
of the circle. 

13. If the angles of a triangle are in Arithmetical Progression, 
shew that one of them is 60°. 

14. Determine in grades the magnitude of the angle sub- 
tended by an arc two feet long at the centre of a circle whose 
radius is 18 inches. 

15. Compare the measures of 23°. 5' when expressed in cen- 
tesimal and circular measure, taking ir = -=- • 
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16. If a degree be represented by tt, what is the unit of 
angular measurement ] 

355 

17. What is the circular measure of ll g . 30' if ir = =^1 

X XO 

18. Reduce 39 B *012 to degrees, minutes and seconds. 

19. If the numerical value of an angle measured by the 
circular system be ( « ) > now E^^y degrees does it contain ? 

20. The whole circumference of one circle is just long enough 
to subtend an angle of one grade at the centre of another circle : 
what part of the latter circumference will subtend an angle of one 
degree at the centre of the former circle 1 

21. Taking 4 right angles as the unit, what number will re- 
present 1°, l g , 1° respectively 1 

22. If there be m English minutes in an angle, find the 
number of French seconds in the same angle. 

23. What is the number of grades in the unit of circular 

22 
measure, if ir = -=- ? 

24. What fraction of a right angle must be the unit in order 
that an angle of 5°. 33'. 20" may be represented by 5 ? 

25. If half a right angle be the unit of angular measurement, 
express the angles whose measures are 

-, 4, ir, ±n + y 

(1) in degrees, (2) in units of circular measure. 

26. What must be the unit angle if the sum of the measures 
of a degree and a grade is 1 1 

27. If the unit be an angle subtended at the centre of a circle 
by an arc three times as large as the radius, what number will 
represent an angle of 45° 1 
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36. The units in the three systems when expressed in terms 
of one common standard, two right angles, stand thus : 

the unit in the Sexagesimal Method = j^r of two right angles, 
the unit in the Centesimal Method =t — — of two right angles, 
the unit in the Circular Method = - of two right angles. 

IT 

37. It is not usual to assign any distinguishing mark to angles 
estimated by the Third Method, but for the purpose of stating the 
relation between the three units in a clear and concise form, we 
shall use the symbol l c to express the unit of circular measure. 

Then we express the relation between the units thus : 

1 1 1 



1* : l c = 



180 ' 200 ' v 



CHAPTER III. 

ON THE METHOD OF CONVERTING THE MEASURES OF ANGLES 
FROM ONE TO ANOTHER SYSTEM OF MEASUREMENT. 

38. We proceed to explain the process for converting the 
measures of angles from each of the three systems of measurement 
described in' Chap. II. to the other two. 

39. To convert the measure of an angle expressed in degrees 
to the corresponding measure in grades. 

Let the given angle contain D degrees. 

1 degree = — of a right angle ; 
.-. D degrees = ^ofa right angle 

= ^r of 100 grades 

1002) , 
grades 



90 
10D 



grades. 



9 

Hence we obtain the following rule : If an angle be expressed 
in degrees, multiply the measure in degrees by 10, divide the result 
by 9, and you obtain the measure of the angle in grades. 

Ex. How many grades are contained in the angle 24°. 51'. 45"? 

24°. 51'. 45" = 24-8625 degrees. 

10 

9 



248-625 



grades 27*625 
.\ the angle contains 27*. 62\ 50' 






2—2 
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grades 
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in degrees, multiply the measure in degrees by 10, divide the result 
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(sin A)* is written thus, sinM, 
(cos -4)* is written thus, cos* A, 
and so for the other ratios. 

57. The angle of reference may be one of the angles of the 
triangle of reference, as it is in fig. 1 of Art. 51, and it will be 
found that this is the case with which we are chiefly concerned. 

It may be an exterior angle of the triangle of reference, as in 

fig. 2. 

It may be greater than two right angles, partly within and 
partly out of the triangle of reference, as in fig. 3. 

Finally, it may be an angle greater than two right angles and 
out of the triangle of reference, as in fig. 4. 

In the next articles we shall describe the method of deter- 
mining the Trigonometrical Ratios in any particular case by in- 
spection. Strictly our remarks will be applicable to all the figures 
of Art. 51, but the student may at first regard them as having 
especial reference to fig. 1. 

58. The six Trigonometrical Ratios are arithmetical quan- 
tities, denoting the relations existing between the sides of a right- 
angled triangle, which we call the Triangle of Reference, taken 
two by two. 

59. Let us now look at the order in which the sides are taken 
to form the ratios which we call the sine and the cosine. 

Referring to the diagrams of Art. 51, 

PM 



sine EQP = 



cosine EQP = 



QP' 
QM 



QP' 

In each case the denominator of the fraction is formed by that 
side of the triangle of reference which is opposite to the right 
angle. 
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Of the two other sides we may call PM the side opposite to 
the angle of reference so as to distinguish it from QM the side 
adjacent to the angle of reference. 

Hence in determining the ratio which we call the sine of a 
given angle we must take as the numerator of the fraction that 
side of our triangle of reference which is opposite to the given 
angle ; and in determining the ratio which we call the cosine of a 
given angle we must take as the numerator of the fraction that 
side of our triangle of reference which is adjacent to the given 
angle : the denominator being in both cases that side of the triangle 
which subtends the right angle of the triangle. 

60. If the remarks given in the preceding Article be clearly 
understood, the student will find no difficulty in writing down 
the ratios for the sine and the cosine of a given angle, whatever 
may be the position in which the triangle of reference for that 
angle may stand 

Suppose PM to be perpendicular to Q M \ 
DJN to be perpendicular to PM. 

Then PQM f PDF, DMN are three right-angled triangles. 




Now 



sin PQM = 



sin QPM= 



PM 

pv : 

QM 
QP : 



cos PQM = ^ 



QM 
QP' 



cob QPM = 



PM 
QP' 



V-<L 
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DN PN 

Also wlDPN^^x cosDPN^^. 

PN' DN 

smPDN=^: cos PDN = =£. 

And emDA£N=- 7T77 .: cos DMN= -7777. 

JJM Dm. 

sin NDM= -p-rz : cos NDM = -p--^ . 
DM. DM 

61. When once the student has acquired facility in fixing on 
the lines which form the ratios called the sine and the cosine, he 
will be able to determine the other four ratios without any trouble. 



Examples. — XIII. 

(1) Let ABC be a triangle. Draw from B a perpendicular 
BD on AC, and let it be within the triangle. Then write the 
following ratios : 

OH BAD, cos BAD, tan BAD; 
sin ABD, cot ABD, cosec ABD ; 
sin BCD, smCBD, tan BCD. 

(2) Let OPQ be a triangle. Draw from a perpendicular 
OR on PQ produced, so that it falls without the triangle. Then 
write the following ratios : 

sin OP©, coa OPQ, cot OPQ; 
anOQP, cos OQP, tamOQP; 
cosec OQB, cot QOR, aecOQR. 

62. Let ABC be a right-angled triangle, having B as the 
right angle, and let the angles be denoted by the letters A, B, C, 
and the sides respectively opposite to them by the letters a, b, c. 
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The following results are worthy of notice, as being of frequent 
use. 

a = b.amA = 6. cosC^c. t&xiA = c. cot C f 
b = a. cosec .4=a.secC = c.sec.4=c. cosec C, 
c=a. cot A = a.tan<7=6. cosA=b. sinC 

63. l%e trigonometrical ratios remain unchanged so long as 
the angle is the same. 




If W JBJ 

Let EQB be any angle. 

In QB take any points P, P 9 and draw jPJf, FM ' at right 
angles to QE. 

Then, since Pif, P f M t are parallel, 

the triangles QPAf, QP'JH' are similar. 

PM FM' 
Hence ^ - ~^p" J 

i. e. the value of the sine of EQB is the same so long as the angle 
is the same, and this result holds good for the other ratios. 

The figure represents the simplest case, where the given angle 
is less than a right angle, but the conclusion is true for all 
angles.* 



CHAPTER V. 



OK THE CHANGES IN SIGN AND MAGNITUDE OF THE TBIGONOME- 
TRICAL KATIOS OT AN ANGLE AS IT INCREASES FBOM 0° TO 



64. Let ITS, WE bisect each other at right angles in the 
point Q, and let a line equal in length to QE be supposed to 
revolve from QE round the fixed point Q. 
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As the revolving line passes from the position QE to the 
positions QN, QW, QS, QE, the extremity traces out a circle 
BNWS. 

If we take a succession of points in EN, as P, P, P, P y and 
from them let fall perpendiculars PM, PM, PM, PM on the line 
QE, and do the same in the other quadrants, it is clear that 

In passing from E to N, 

PM continually increases from zero to QN, 
QM continually decreases from QE to zero. 

In. passing from N to W, 

PM continually decreases from QN to zero, 
QM continually increases from zero to QW. 

In passing from W to S, 

PM continually increases from zero to QS, 
QM continually decreases from QW to zero. 

In passing from S to E, 

PM continually decreases from QS to zero, 
QM continually increases from zero to QE. 

Again, 

PM is positive in the first and second quadrants, 
negative in the third and fourth. 

QM is positive in the first and fourth quadrants, 
negative in the second and third. 

QP is always positive. 
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65. To trace the changes in sign and magnitude of the sine of 
an angle as the angle changes from 0° to 360°. 




Let NQS 9 EQW be two diameters of a circle at right angles. 

Let a radius QP by revolving from QE trace out any angle 
PQE 9 and denote this, angle by A. 

From P draw PM at right angles to EQW. 

PM 



Then 



sinA = 



QP' 



As A changes from 0° to 90°, QP revolves from QE to QN; 

.: PM changes from to QN and is positive, 

QP QEtoQN positive; 

.\ sin A to 1 positive. 

As A changes from 90° to 180°, QP revolves from QN to QW; 
r. PM changes from QN to and is positive, 

QP QNtoQW positive; 

.*. sin J. 1 toO positive. 

As A changes from 180° to 270°, QP revolves from QW to QS; 
,\ PM changes from to QS and is negative, 

QP QWtoQS positive; 

.*. sin -4 to 1 negative. 
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As A changes from 270° to 360°, QP revolves from QS to QE ; 

.*. PM changes from QS to and is negative, 
QP QStoQE positive; 

.\ sin A 1 to negative. 

66. To trace the changes in the sign and magnitude of the 
cosine of an angle as the angle changes from 0° to 360°. 

Making the same construction as in Art. 65, 

. QM 

COS A. = -zrrr • 

. QP 

As A changes from 0° to 90°, QP revolves from QE to QN; 
.\ QM changes from QE to and is positive, 
QP QEtoQN positive; 

.*. cos A 1 to positive. 

As A changes from 90° to 180°, QP revolves from QNtoQW; 
.*. QM changes from to Q W and is negative, 
QP QNtoQW positive; 

.•. cos A to 1 negative. 

As A changes from 180° to 270°, QP revolves from Q W to QS; 

.*. QM changes from Q W to and is negative, 
QP QWtoQS positive; 

.\ cos A 1 to negative. 

As A changes from 270° to 360°, QP revolves from QS to QE ; 
,\ QM changes from to QE and is positive, 
QP QSboQE positive; 

.*. cos A to 1 positive. 
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67. To trace the changes in the sign and magnitude of the 
tangent of an angle as the angle changes from 0° to 360°. 

Making the same construction as in Art 65, 

A PM 
tan A = -zr-n.. 
QM 

As A changes from 0° to 90", QP revolves from QE to QF\ 

.\ PM changes from to QN and is positive, 

QM QE toO positive; 

,\ tan A to qo positive. 

As A changes from 90° to 180°, QP revolves from QN to QW; 
,\ PM changes from QN to and is positive, 

QM to QW negative; 

.•. tan J. oo to negative. 

As A changes from 180° to 270°, QP revolves from QW to QS; 
.\ PM changes from to QS and is negative, 

QM QW to negative; 

.*. tan .4 to oo positive. 

As A changes from 270° to 360°, QP revolves from QS to QE ; 

.*. PM changes from QS to and is negative, 
QM to QE positive; 

.-. tan -4 oo to negative. 

68. The changes of the cosecant, secant and cotangent should 
be traced for himself by the student for practice. 

69. We now present the changes of the Trigonometrical Ratios 
in a convenient tabular form. 

Columns 1, 3, 5, 7, 9 give the values of the ratios for the 
particular values of the angle placed above the columns. 
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Columns 2, 4, 6, 8 give the signs of the ratios as the angle 
passes from to 90°, from 90° to 180°, from 180° to 270°, and 
from 270° to 360°. 



A 

BIB. A 

cos A 

tan A 

cosec.4 

sec -4 

cot -4 

• * 



70. From the results given in this table we are led to the 
following conclusion, which will be more fully explained here- 
after. 

If the value of a Trigonometrical Ratio be given, we cannot ^x 
on one angle to which it exclusively belongs. 

Thus if the given value of sin A be -= , we know, since sin A 

passes through all values from to 1 as A increases from 0° 
to 90°, that one value of A lies between 0° and 90°. But since we 
also know that the value of sin A passes through all values be- 
tween 1 and as A increases from 90° to 180°, it is evident 
that there is another value of A between 90° and 180° for which 
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sin A =^r. 
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71. "We have now to treat of the values of the Trigono- 
metrical Ratios for some particular angles in the first quadrant. 
These angles, which we shall take in their proper order, as they 
are traced out by the revolving line, are 0°, 30°, 45°, 60°, 90°. 

72. The signs of all the ratios for an angle in Hhe first 
quadrant are positiva 

73. To find the Trigonometrical Ratios for an angle of 0°. 
We have already proved in the preceding Chapter that 



sin0° = 0, 
cosec 0° = oo , 



cos0°=l, 
sec0°«l, 



tan0° = 0. 
cot 0° = oo 



74. To find the Trigonometrical Ratios for an angle of 30°. 




Let QP revolving from the position QE describe an angle 
EQP equal to one-third of a right angle, that is an angle of 30°. 

Draw the chord PMP at right angles to QE, and join QP'. 
Then angle QFP = QPF = 90° - PQM= 60°. 
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Thus PQP' is*an equilateral triangle, and QM bisects PP\ 

,\ QP = 2PM. 
Let the measure of PM be m. 
Then the measure of QP is 2m. 
And the measure of QM is J(lm* - m*) = J(3m*) = m . J3. 



Then 



sin 30° = 



m 



PM _ 

PQ ~2m~~2' 



PQ 2m 2 ' 



tan 30° = 



PM 



m 



1 



QM mj$~ jr 



So also 



cosec 30' = 2, sec 30° = 4q > <*>t 30° = ,/3. 



75. To find the Trigonometrical Ratios for an angle of 45°. 




Let QP revolving from the position QE describe an angle 
EQP equal to half a right angle, that is an angle of 45°. 

Draw PM at right angles to QE. 

Then since PQM and QPM are together equal to a right 
angle, and PQM is half a right angle, QPM is also half a right 
angle. 

Thus PQM is an isosceles triangle, and QM= MP. 
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Let the measure of QM be to. 
Then the measure of PM is to. 

And th* measure of #P is J(m* + mr) = J(2m') = mJ2. 

PM m 1 



Then 



sin 44° = 



cos 45° = 



QP"mJ2 J2' 
QM m _ 1 



tan 45° = ttv>= — = 1. 
#Jf TO 

So also cosec 45° = J2, sec 45° = ^2, cot 45° = L 

76. To find the Trigonometrical Ratios for an angle of (0°. 




Let QP revolving from the position QE describe an angle 
EQP equal to two-thirds of a right angle, that is an angle of 60°. 

Draw PM at right angles to QE and join PE. 

Then PQE is an equilateral triangle and PM bisects QE ; 

.: QP = 2QM. 
Let the measure of QM be to. 
Then the measure of QP is 2m. 

And the measure of PM is *J(4m* - m*) = J($m*) = m J3. 

_, . ftA0 PM mj3 J3 

Then ^60'=^ = -^ = ^-, 
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QM m 1 
00860 = QP = 2m = 2' 

QM m v 
So also cosec60° = -^, sec 60°= 2, cot60° = -=x. 

77. To find the Trigonometrical Ratios for an angle of 90°. 
We have already proved in the preceding Chapter that 
sin 90°= 1, cos 90° = 0, tan90°-oo, 
\ cosec90° = l, sec 90°= oo, cot 90° = 0. 



«t 



Examples. — XIV. 



If a = 0°, p = 30°, y = 45°, 8 = 60°, = 90°, find the numerical 
values of the following expressions : 

If 

(1) cos a . sin y . cos 8. (2) sin 6 . cos j . cosec 8. 

(3) sin ^ + cos ^ — sec a. (4) sin « . cosec ~ . sec 8. 

(5) (sin - cos + cosec ft) (cos + sec - + cot 8 J . 

Also prove the following : 

(6) (sin 8 - sin y) (cos ft + cos y) = sin f p. 



. a IT . 9 IT 

sin 2> - sin 
ir air o 4 



(7) cot« i -cof g = — - 



7T . 8 IT 



sin" T . sin" 5 
4 o 



,' / . ir v\ / . ir ir\ ir 

(8) (sin ^ + cos g J (sin ^ - cos ^ J = cos ^ . 

,«v T «" 1 /«T 7r\ 1 (it tt\ 

(9) cos 5 .cos^=2Cos^ + B j + 2C08^--j 
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IT 



tr 



(10) tan* j- tan* £.= 



sin- ^ - sin" g 

g IT a 7T 

COS* « . COS 7; 

o 



78. "We are now able to give some simple examples of the 
practical use of Trigonometry in the measurement of heights and 
distances. 

79. The values of the sines, cosines, tangents and the other 
ratios have been calculated for all angles succeeding each other at 
intervals of 1', and the results registered in Tables. 

Instruments have been invented for determining : 

1. The angle which the line joining two distant objects sub- 
tends at the eye of the observer. 

2. The angle which a line joining the eye of the observer and 
a distant object makes with the horizontal plane. 

If the object be above the observer the angle is called the 
Angle of Elevation. 

If the object be below the observer the angle is called the 
Angle of Depression. 

80. To find the height of an object standing on a horizontal 
plane, the base of the object being accessible. 

Let PQ be a vertical column. 

- •■*" iTrom tfebase P measure a horizontal line AP. 
Then observe the angle of elevation QAP. 

a 




We can then determine the height of the column, for 

QP=AP.t*nQAP. 
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81. To find the breadth of a river, 





ft /? 

Let RS be the horizontal line joining two objects on the oppo- 
site banks. 

From 0, a point in a vertical line with R } observe the angle of 
depression OSR, 

Then if OR be measured we can determine the length of RS, for 

»« OR 

tan OSR 9 
82. To find the height of a flag-staff on the top of a tower. 




Let RQ be the flag-staff. 

From P the base of the tower measure a horizontal line AP. 
Observe the angles RAP and QAP. 
Then we can find the length of RQ, for 
RQ=RP-QP 

**AP. taxi RAP -AP. ten QAP. 

83. To find the altitude of the Sun. 

The altitude of the Sun is measured by the angle between 
a horizontal line and a line passing through the cents* <& \3&&%«sw 
8. T f ± 
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If AB be a stick standing at right angles to the horizontal 
plane QB, and QB the shadow of the stick on the horizontal plane, 
a line joining QA will pass through the centre of the Sun. 

\0 




a ^B it 

Then if we measure AB and QB we shall know the altitude of 
tho Sun, for 

AB 



UmSQB = 



QB* 



Examples. — XV. 

(1) At a point 200 feet from a tower and on a level with its 
base the angle of elevation of its summit is found to be 60° : what 
is the height of the tower ? 

(2) What is the height of a tower whose top appears at an 
elevation of 30° to an observer 140 feet from the foot of the tower 
on a horizontal plane, his eye being 5 feet from the ground 1 

(3) Determine the altitude of the Sun when the length of a 
vertical stick is to the length of the shadow of the stick as 

J3 :1. 

(4) At 300 feet measured horizontally from the foot of a 
steeple the angle of elevation of the top is found to be 30°. What 
is the height of the steeple ? 

(5) From the top of a rock 245 feet above the sea the angle of 
depression of a ship's hull is found to be 3O . How far is the ship 
distant} 
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(6) From the top of a hill there are observed two consecutive 
milestones, on a horizontal road, running from the base. The 
angles of depression are found to be 45° and 30°. Find the height 

* of the hilL 

(7) A flag-staff stands on a tower. I measure from the bot- 
tom of the tower a distance of 100 feet. I then find that the top 
of the flag-staff subtends an angle of 45° and the top of the tower 
an angle of 30° at my place of observation. What is the height 
of the flag-staff? 

(8) From the summit of a tower whose height is 108 feet, 
the angles of depression of the top and bottom of a vertical 
column, standing on a level with the base of the tower, are found 
to be 30° and 60° respectively. Find the height of the column. 

(9) A person observes the elevation of a tower to be 60°, 
and on receding from it 100 yards further he finds the elevation 
to be 30°. Required the height of the tower. 

(10) A stick 10 feet in length is placed vertically in the 
ground, and the length of its shadow is 25 feet. Find the altitude 
of the Sun, having given tan 25° = '4. 

(11) A spire stands on a tower in the form of a cube whose 
edge is 35 feet. From a point 23 feet above the level of the base 
of the tower, and 20 yards distant from the tower, the elevation 
of the top of the spire is found to be 56°. 34'. Find the height 
of the top of the spire, having given 

tan 56°. 34'= 1-5. 

(12) The length of a kite string is 250 yards and the angle of , 
elevation of the kite is 30°. Find the height of the kite. 

(13) The height of a house-top is 60 feet. A rope is stretched 
from it and is inclined at an angle of 40°. 30' to the ground. Find 
the length of the rope, having given sin 40°. 30' = *65. 

(14) A tower on the bank of a river is 120 feet high, and the 
angle of elevation of the top of the tower from the opposite bank 
is 20° ; find the breadth of the river, having given tan 20° = '35. 

. (15) The altitude of the Sun is 36°. 30': what is the length 
of the shadow of a man 6 feet high, if,tan36\ 3tf=-145\ 



CHAPTER VII. 

ON THE KELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS FOB 

THE SAME ANGLE, 

84. Let EQP be any angle traced by QP revolving from the 
position QE, and let a perpendicular PM be dropped on QE or 
EQ produced, thus 



M E 



M 



\ / 



Q JE 





Let the angle EQP be denoted by A. 
Then we can prove the following relations 



I. tan,4 = 



sin J. 
cos A' 



PM 



For tan A = 



PM QP sin A 



QM W 

QP 



cos A 



II. ran 1 .4 + cos* A = 1. 

_, ... ,. PM' QAT PM'+QM' QP> . 
For 8 mM + co8^^^ ?i - + ^p=--^p ^ = 1. 
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in. secM = l+tan 2 J. 

For occM QP ° g^ + i>if> i,^ lltmM 

IV. cosecM = 1 + cot* A. 

For vxecfA-jLp** -p^— = 1 + J^-,= 1 + cotM. 

85. We shall now give a number of easy examples by which 
the student may become familiar with the formulae which we hava 
just obtained. 

He must observe that these formula? hold good for all magni- 
tudes of the angle which we have represented by the letter A, 

that is, not only 

sin 8 A+ cos* -4 = 1, 

but also sin* + cos 2 = 1, 

and sin 2 x + cos* x = 1, 

and sin 2 45°+ cos 2 45° = 1, 

and sin 2 60* + cos 2 60* = 1, 

and sin* ^ + cos 2 ^ = 1. 

And similarly for the other formulae. 

86. If then any angle be represented by 0, we know from 
Art. 84, 

(1) tan* = ^|. 

x ' COS0 

(2) sin 2 + cos 2 = l. 

(3) sec 2 = l+tan 2 0. 

(4) cosec 2 = 1 + cot 2 0. 
And we also know from Art. 52, 

(5) cosec0 = - — jr. 
N ' sin0 

(6) sec = — z . 

x ' COS0 

< 7 > «"-w 
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87. Ex, 1. Shew that sec - tan . sin = cos . ■ 

sec0- tanfl. sin0 = 2 ^. sind. by form (6) and (1), 

cos cos $ ' J v ' x n 

1 sin*0 



cos cos 

1-sin'fl 
"~ cos0 

cos*0 /ox 

= ^sT' b ^ 2 ^ 

= COS 0. 

Ex. 2. Shew that cot a - sec a cosec a (1 — 2 sin 1 a) = tan a. 
cot a — sec a . cosec a (1 - 2 sin* a) 

cos a 1 1 



sin a cos a * sin a 



(l-2sin*a), by (7,6,5), 



cos a 1 2 sin* a 



sin a cos a . sin a cos a . sin a 

cos*a — 1 + 2 sin* a 
cos a . sin a 

cos 8 a + sin* a + sin* a— 1 
cos a . sin a 

1 + sin* a - 1 



cos a . sin a 

sin* a 
cos a . sin a 

sin a 



, by (1), 



cos a 
= tana. 

It will be observed that in working these examples we com- 
menced by expressing the other ratios in terms of the sine and 
cosine, and the beginner will find this the simplest course in most 
cases. ' 
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Examples. — XVI, 
Prove the following relations : 

(1) cos0.tan0 = sin0. (2) sin . cot = cos ft 

(3) sin a. sec a = tana. (4) cos a . cosec a = cot a. 

(5) (l+tan*0).cos*0 = l. (6) (1 + cot* 0) . sin* = 1. 

/trX tan* a . . cosec* a- 1 , 

(7) = — — ^- = sin*a. (8) s = 003* a. 

7 1 + tan'a v ' cosec* a 

(9) tan as + cot x = sec x . cosec ax 

^ ft v cos as. cosec a;, tanas - 
7 sinas.secas. cotas ~ 

(11) cosas + sinas. tanas = sec as. 

< 12 > tdr^ =aiilft < 13 > <«"-i>(««+i>--i. 

(14) cot'a — cos* a = cot* a . cos* a. 

(15) sec" a. cosec* a = sec*a + cosec 9 a. 

(16) sin* <£ + sin* <f> . tan 1 <£ = tan* <£. 

(17) cot*^. sin'^ + sin*^ 1. 

(18) sec* <j> — 1 = sin* <j> . sec* <£. 

(19) sin* <t> = 2 versin <£ — versin* ^. 

(20) !^*zJ = versin0. 
x ' sec0 

* 

88. We shall next shew how to express the cosine, tangent 
and other ratios in terms of the sine. 

Since sin* 6 + cos* 0=1, 

cos"0 = l-sin*0; 

.\ oos0=*^(l-sin*0). 
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Again 



tan0 = 



sinfl 

COS0 



sin0 



Also 



cosec0 = 



sec0 



cot0 = 



* ,7(1 -sin* 0) 
1 



sin0' 
1 

COS0 

1 

tan0 



V(l-sin 9 0)' 

yq-sin'fl) 
sin 



The double sign before the root-symbols is to be explained thus. 
For an assigned value of sin we shall have more than one value 
of (Art. 70). Hence we have an ambiguity when we endeavour 
to find cos from the known value of sin 0. The double sign may 
generally be omitted in the examples, which we shall hereafter 
give. 

89. We shall now give two examples of another method of 
arriving at expressions for the other ratios in terms of a particular 
ratio. These examples should be carefully studied. 

(1) To express the other trigonometrical ratios in terms oj 
the sine. 

Let PAM be an angle whose sine is s, a numerical quantity. 




Let PMbe drawn "perpendicular to AM* 
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Then if AP be represented by 1, 
PM will be represented by *, 
and AM will therefore be represented by Jl - s\ 
Then denoting PAM by A, 



cos 



A = ^ = ^^ = Jl^?= l JT^^l, 



tan<4 = 



PM 



8 



sin A 



AM ^l-*' ^/l-sinM' 
and similarly the other ratios may be expressed in terms of sin A. 

(2) To express the other trigonometrical ratios in terms of 
the tangent 




; Making the same construction as in the preceding Article, 

Let tan A = t. 

Then if A M be represented by 1, PM will be represented by t; 
and AP will be represented by ^1 +$*. 

PM t . tan-4 

Therefore sin A = -r^r = -7= = ■ , „ = , 

^P «/l+** V 1 + tan * 

, ijf ■. r 1 

cos J. = -j-^r = ~ = —7=== , 

^ P ^1+*" ^1+tanM 

and similarly the other ratios may be found. 
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Examples. — XVII. 

(1) Express the other trigonometrical ratios in terms of the 
cosine. 

(2) Express the other trigonometrical ratios in terms of the 
cosecant. 

(3) Express the other trigonometrical ratios in terms of the 
secant. 

(4) Express the other trigonometrical ratios in terms of the 
cotangent. 

90. If any one of the Trigonometrical ratios be given the 
others may be found. 




/■ 



Thus suppose sin ,l= g . 

If PAM represent the angle, and PM be perpendicular to AM, 
we may represent PM by 3, AP by 5, and consequently AM by 

,725-9 or L. 



Then 



cos -4 = =■ . 
5- 



tan A = T . , 

A 5 



sec^ = -7 . 
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a 



91. If tan A = £ , to find sin -4 and cos A. 

b 




If PAM represent the angle, and PM be perpendicular to A M> 
we may represent PM by a, AM by J, and consequently AP by 

a 



Then 



sin A — 



w&A = —-- 



b 



Jctf + b* 



Examples.— XVIIL 



(1) Given sin a = ^ : find cos a and tan a. 

4 

(2) Given cos a = ^ : find sin a and tan a. 

4 

(3) Given cosec 6 = « : find cos and tan 0. 



(4) Given sin = —j= : find cos and tan 0. 



V3 



(5) 
(6) 



ft 

Given tan a = n : find cosec a and sec a. 

o 

Given cos a = r : find tan a and cosec cu 

o 
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(7) 

(8) 

(9) 
(10) 

(11) 
(12) 



Given sin 
Given cos 



a : find tan 6 and sec 0. 

b : find tan 6 and cosec 6. 
Given sin $ = *6 : find cos 6 and cot 0. 
Given cos 6 = *5 : find cot 6 and cosec 0. 
Given cosec 6 = 2-4 : find cos 5 and cot 0. 

Given sec = 1*03 : find sin and tan 0. 

99 



(1 3) Given sin <f> = =^r : find cos <£ and cot ^. 

20 

(14) Given cos <f> = y--r : find sin <f> and tan ^. 

(15) Given versin0= — : find sin and sec 0. 

xo 

92. We may here give the geometrical solutions of the pro- 
blem of constructing an angle when its sine, cosine or tangent is 
given. 



a 



(1) Given that the sine of an angle is - , to construct the 



angle. 



The sine of an angle cannot be greater than unity, 

.v a is not greater than b~ 




M M 



Draw a line AB = 6, and describe a circle with centre A and 
radius AB. 



Let BAG be a quadrant of this circle. 
Mark off on AC the line AN^a. 



ON DIFFERENT RATIOS OF THE SAME ANQLE. 61 

Draw NP, PM at right angles to AC \ A£ 
Then PAM is the angle required : for 

PM AN a 



aiaPAM= 



AP~AP~b' 



(2) Given that the cosine of an angle is - , to construct the 
angle. 

Making the same construction as before, 

PAN is the angle required : for 

D ., r AN a 
cos PAjN=- 7 -= = t . 
AP o 

(3) Given that the tangent of an angle is — , to construct the 

angle. 

Take a line AM = n, and draw PM=m at right angles 
to AM. 

Join A P. Then PAM is the angle required : for 

PM m 



tan PAM = 



AM" n' 



93. We shall now give a set of examples similar to those 
in Ex. xvi. but presenting in some cases more difficulty. 

Examples. — XIX. 
Prove the following relations : 

(3) cosa? = -^j -g-T. (4) tana. cos x =J(l- cos 8 x). 

/*v j. ^/(cosec 2 <£ - 1) //5X //l-cos"<£\ 

(5) cos<£ = ^ ^ — ^. (6) tan<£= /( rr^)- 

v ' ^ cosec^ w V \ cos 9 / 

(7) sin , a = (1 + cosa) . versin a. 



i . t < l.^i m i Li 
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(8) tan: a - tan." jB « £5 5-. 

x ' cos p . cos a 

• « sin* 8 — sin 9 a 

(9) cot' a -cot* 8= . a p " 
v/ ~ sin* a. sin* ft 

(10) sin*tf.t^ , tf + cos , fl.cot 2 tf = tan , d + cot 8 fl^l. 

(11) sec 4 + taii 4 0=l + 2sec 8 0.tan 9 0. 

(12) cosec0(sec0-l)-cot0(l-cos0)=tanfl^sinft 

(13) cot"6 + tan*6 = sin 2 6cosec»6-2. 

(14) cot* A — cos* A = cos 4 A cosee* 4. 

(15) W0-sin 9 = sin 4 0sec 8 0. 

(16) (sectf-wsece)(l + cottf + tanfl) = -?^-^^. 
v ' x ' x ' cosec sec0 

/ifT\ cosec sec 5 - - 

(17) 7T + a = sec 0. cosec 0. 

x ' sec0 cosec 

(18) cos0(tan0 + 2)(2tan0+l) = 2sec0+5sin0. 

(19) cos<c (2 sec a; + tana?) (sec a;- 2 tana;) = 2 cos a;- 3 tan x. 

(20) (eose<5 0-cot0) , = ^^. 
v ' x ' l+cos0 

/ft - v sec . cot - cosec . tan A - 

(21) 7i i — z = cosec . sec 0. 

x ' cos — sin 

(22) sec + cosec 0. tan 8 0(l + cosec" 0) = 2 sec 8 0. 

(23) (sin + sec 0)* + (cos + cosec 0)* = (1 + sec . cosec 0)*. 

9 . v 1 + (cosec . tan <£)' _ 1 + (cot . sin 4>Y 

x . 1 + (cosec a . tan <f>)* ~" 1 + (cot a . sin <f>)* * 

(25) (3-4sinM)(l-3tanM) = (3-tan 8 ii)(4cosM-3). 



CHAPTEK VIII. 

COMPARISON OF TRIGONOMETRICAL RATIOS FOR DIFFERENT ANGLES. 

94. The Complement of an angle is that angle which must 
be added to it to make a right angle. 

Thus the complement of 60"° is 30°, because 60° + 30° = 90°, and 
the complement of 14°. 36'. 15" is 75°. 23'. 45". 

Also the complement of 80* is 20*, because 80* + 20* = 100*, 
and the complement of 42 g . 5\ 28" is 57 g . 94\ 72\ 

And the complement of - is ,, because « + « = o • 

bo o o J 

So generally, if a, /?, y be the measures of an angle in the 
three systems, 

complement of the angle = 90° — a = 100 s — ft = ^ — y. 

Hence if the angle be negative (see Art. 49), and its measures 
"be — a, — [i> — y in the three systems, 

complement of the angle = 90° - (- a) = 100*- (- /3) = | - (-y) 

= 90° + a = 100*+.£ = ^ + y. 

Examples. — XX. 
1. Find the complements of the following angles : 
(1) 24°. 14'. 42". (2) 43°. 2'. 57". 

(3) 64°. 0'. 14". .(*) 82°. 4'. 15". 
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(5) 125°. 15'. 42". (6) 178°. 27'. 34". 

(7) 195°. (8) 254°. 

(9) -25°. (10) -245°. 

2. Find the complements of the following angles : 

(1) 32*23\24". (2) 95*.3\75*. 

(3) 46*.0\84". (4) 2*5\4". 

(5) 135*. 2\ 5". (6) 169*.0\3 X \ 

(7) 243*. (8) 357*. 

(9) -35*. (10) -245*. 

3. What are the complements of the following angles ? 
ir ,« v ir .^ 3ir ttx ir ,_» 3ir 



(1) i- (2) 5. 



( 3 ) If- (*) "I- ( 5 ) ~h- 



95. To compare the Trigonometrical Ratios of an angle and 
its complement. 




Let NQSy EQWbe two diameters of a circle at right angles. 

Let a radius QP revolving from QE trace out the angle 
PQE = A. 

Next, let the radius revolve from QE to QN and back again 
through an angle NQP = A* 

Then angle EQF = 90° - A. 

Draw Pit tmdP'M' at right angles to EQ % 
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Now angle QP'M' = NQF = A = PQK 

Hence the triangles P*QM' and QPM are equal in all respects 
(Eucl. i. 26). 

Therefore 
sin(90°-J) = sin^CP , = ^^ = ^ = cos^P = cos^, 

goz(W-A) = w&EQP' = |j£ = S =sin ^ P = sill 4 

taii(90 -i)=taii^i y =^^ = ^: = cot^i > = cotJ. 

And similarly it may be shewn that 

cosec (90° - A) = sec A> sec (90° - A ) = cosec A, cot (90° - A) = tan A. 

This is a proposition of great practical importance. "We have 
only proved it for the case in which A is less than 90°, but the 
conclusions hold good for all values of A. 

96. The Supplement of an angle is that angle which must be 
added to it to make two right angles. 

Thus the supplement of 60° is 120°, because 60°+ 120° = 180°, 
and the supplement of 24°. 43'.17" is 155°. 16'. 43". 

Also the supplement of 80 g is 12Q*, because 80* +120* = 200*, 
and the supplement of 114 g . 3\ 15* is 85*. 96\ 85'\ 

And the supplement of -^ is -$■ , because ^ + — = ir. 

00 00 

So, generally, if a, /?, y be the measures of an angle in the 
three systems, 

supplement of the angle = 180° - a = 200* - /? = ir - y. 

Hence if the angle be negative and its measures be — a, — /?, — y 
in the three systems, 

. supplement of the angle = 180° -(- a) = 200* -(- fi) = ir -(- y) 

= 180° + a = 20Q g -vP = Tt^-f. 
s.t. ^ 
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Examples. — XXL 
1. Find the supplements of the following angles : 



(1) 34°. 12'. 49". 

(3) 146°. 0'. 41". 

(5) 179°. 59'. 59". 

(7) 245°. 

(9) -49°. 



(2) 132°. 24'. 47". 

(4) 28°. 15'. 4". 

(6) 100°. 49'. 53". 

(8) 437°. 3'. 4". 

(10) - 355°. 



2. Find the supplements of the following angles : 



(1) 132«.32\42 x \ 

(3) 3*. 97\ 98". 

(5) 154*. 3\ 6". 

(7) 275*. 

(9) -35*. 



(2) 195*.2\57". 

(4) 65*. IT. $\ 

(6) 174*. 0\ r. 

(8) 527 g . 2\ 14". 

(10) -325*. 



3. What are the supplements of the following angles ? 



(i) 



IT 

r 



IT 



(2) o- 



(3) £• 



IT 



(4) -7- 



(5) "J • 



4. Find the difference between the supplement of the com- 
plement of an angle and the complement of its supplement. 

97. To compare the Trigonometrical Ratios of an angle and 
its supplement. 




V M 1 

Let the angle EQP = A. 

Produce EQ to W, and make the angle FQW= A. 
Take QP' = QP, and draw PM, P'M' at right angles to E W. 
Then the triangles PMQ, PM'Q are geometrically equal. 
(Eucl. i. 26.) 



COMPARISON OF RATIOS OF DIFFERENT ANGLES. 67 

Therefore 

FM f PM 

sin (180°- A) = sin EQP' - Q ~ = ~ - sin ^1, 

cos(180°-^) = cos^Ci y =^ = :: ^ = -cosJ, 

And similarly the other ratios may be compared. 

98. To shew that sin (90° + 4 ) = cos -4, and 

cos (90° + A) = - sin A. 




W M l 



a 



m u 



Let the angle EQP = A. 

Draw QP" at right angles to QP, and make QP' = QP. 

Draw PM and P* if ' at right angles to EQ W. 

Then since the angles P*QM' and PQM make up a right 
angle, and the angles QPM and PQM make up a right angle, 

Angle P'QM' = angle QPM. 

Also right angle P'M'Q = right angle PMQ, 
and side P'Q = side PQ, opposite equal angles in each ; 
.*. the triangles P'QM*, QPM are equal in all respects, and 

FM' = QM, and QM' = PM. 



68 



ELEMENTARY TRIGONOMETRY. 



Then sin (90° + A) = sin EQP = - Q ^- = ||f = cos A, 



and 



cos(90°+il) = cos^P / = |^=-^=-sinil. 



99. To shew that sin (180° + A) = - sin A, and 

cos (180* + -4) = - cos A, 




Let the angle EQP = A: 

Produce EQ to JFand PQ to P', making QP' = QP. 

Draw Pif, P'if at right angles to EW. 

Then the angle EQP 9 measured in the positive direction 
= 180° + A. 

The triangles PQM, P'QM' are geometrically equal 



p*xr pit 
Now sin (18V+A) =w£QP'=t^=Z£jl = 

and oo 8 (180 9 + ^) = coB^i"=|^ = : ^ 



= -sin-4, 



100. To shew that sin (- A) = — sin A, and cos (--4) 
Let the angle BQP=A. 



cos -4. 
cos -4. 
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Draw PM at right angles to EW and produce PM to P' nrmfcmg 
MP' = MP. 




Join QP'. 

Then the triangles PQM, P'QM are geometrically equal, and 
the angle EQP\ which is numerically equal to EQP, will, if re- 
garded as measured in a negative direction, be represented by — A. 

P'M -PM 
Now sin (-A) = sm EQP' =—— = = -sinJ, 



and 



cc«(-^)=cos^P' = ^=|y=cos4. 

101. To shew that sin (360° - A) = - sin A, and 

cos (360° - A) = cos A. 

Making the same construction as in the preceding Article, 
angle EQP' measured in the positive direction = 360° - A. 



Then 



FM -PM 



sm(Z60 o -A) = smEQP' = ^ = -^L = - s inJ, 



and cos(360 -^) = cos^i , ' = ^=^? = cosil. 



Examples. — XXII. 



1. Prove the following relations : 

(1) sec (1 80° - A) = - sec A, (2) cosec (s + *) = sec *> 



1. 
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(3) tan (180° + 4) = tan A y (4) sec (*■ + ) = - sec 6 , 

(5) tan(-0) = -tan0, (6) cot (2ir - 6) =* - cot 0. 

2. State and prove the relations subsisting between the cose- 
cants of B° and (90 + Bf, also of <f> and ir + <£. 

3. State and prove the relations subsistingfbetween the secants 
of A and (90 + A)\ also of 6 and £- 0. 

102. The relations between the Trigonometrical Ratios of 
different angles explained in this chapter may be remembered with 
more ease by the consideration of the following facts. 

There are Six Trigonometrical Ratios. 

For an angle in the 
First Quadrant all the Ratios are Positive, 
Second Quadrant all are Negative except the Sine and Cosecant, 

Third Tangent and Cotangent, 

Fourth Cosine and Secant. 

Thus 

(1) cos (90° - A) = sin A, 
tan (90°-^) = cot A. 

(2) cos (180°- 4) = -cos J, 
sin (180° -J) = sin A. 

(3) sin (180°+^) = -sin A, 
tan (180°+^)= tan A. 

(4) sin (360° -4) = -sin 4, 
cos (360° -4) = cos 4. 

Examples. — XXIII. 

Find the values of the following Ratios : 
(1) sin 120°, (2) cos 120°, (3) sin 135°, (4) cos 135°, 

(5) sin 150°, (6) cos 150°, (7) sin 225°, (8) sin 240°, 

(9) tan 300°, (10) cosec300°, (11) sec 315°, (12) cot 330°. 



CHAPTER IX. 

ON THE SOLUTION OF TRIGONOMETRICAL EQUATIONS. 

103. The Solution of a Trigonometrical Equation is the pro- 
cess of finding what angle an unknown letter representing an 
angular magnitude must stand for in order that the equation 
may be true. 

(1) Suppose we have to find the value of which will satisfy 

the equation 

5 
cos + sec = <r • 

Our first step is to put z *°> tn © place of sec 0, so that we 

* cos v ' 

may have only one function of the unknown angle in the equa- 
tion: thus 

a 1 5 
cos + — £ = ^ . 

cos0 2 

We then proceed to solve the equation just as we should solve 
an algebraical equation in which x occupied the place of cos : 

thus 

2cos*0 + 2 = 5cos0, 

2cos*0-5cos0 = -2, 

5 
cos* - ^ cos = - 1, 

»* 5 /, 25 9 
C0S *-2 C08tf + r6 = T6' 

COS - -7 = * -r . 

4 4 

cos = 2 or 5 . 
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Now the value 2 is inadmissible, for the cosine of every angle 
is not greater than 1. 

The other value ^ is the value of the cosine of 60°. (Art 76.) 

Hence cos = cos 60°. 

That is, one value of 6 which satisfies the equation is 60°. 

"We shall explain hereafter our reason for writing the word 
one in italics. 

(2) To solve the equation 3 sin = 2 cos* 0. 

3sin0 = 2(l-sin»0); 

.-. 38in0 = 2-2sin*0, 

or 2sin , + 3sintf=2, 

sin , tf + |sintf = l, 

• a /i 3 • /i «* 25 

sin + •= sin + -=-^ = ■=-= , 
2 16 16* 

Sin + T as ± - , 

4 4 
sin0 = - or —2. 

The value — 2 is inadmissible, for the sine of an angle cannot 
be numerically greater than 1. 

The other value ^ is the value of the sine of 30°. (Art. 74.) 

Hence sin 6 = sin 30°. 

That is, one value of which satisfies the equation is 30°. 
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Examples.— XXIY. 

Find a value of which will satisfy the following equations : 

(1) sin0 + cos0 = O. (2) sin0-cos0 = O. 

(3) sin0 = tan0. (4) cos0 = cot0. 

(5) 2sin0 = tanft (6) 3 sin = 2 cos 8 ft 

(7) sin + cos* . cosec = 2. (8) tan0 = 4-3cot0. 

(9) 4sec t 0-7W0 = 3. 

(10) cos . cosec + sin . sec = —r= . 

(11) 3sin , 0-cos , + (V3 + l)(l-2sin0) = O. 

(12) 3cos t 0-sin»0 + ( N /3 + l)(l-2cos0) = O. 

(13) sec0.cosec0 + 2cot0 = 4. (14) 8^10 + 008 0=^2. 

(15) cosec 4 - sec 4 = 2 cosec 3 sec" 0. 

(16) tan0 + oot0 = 2. (17) sin - cos = V 2 - 

(18) cot 9 0-tan 9 = 2cosec0.secft 

(19) 6in0 N /3 = N /3-cos0. (20) tan' + 4 sin 8 = 3. 

104. "We have already stated (Art 70) that if the value of 
a Trigonometrical Ratio be given we cannot fix on one particular 
angle to which it exclusively belongs. This statement was 
confirmed by many of the conclusions at which we arrived in 
Chap. viii. For instance, since 

sin (180° -4) = sin 4, 
it follows that the sines of the angles A and 180° — A have the 
same value, that is, if we know that sin = - , may have either 
of two values, one of which is 30° and the other 150°. 
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Now we know that 

sin (180° -4) = sin u£ and cosec(180°-.4) = cosec-4, 
cos (360° - A) = cos A and sec (360° - A) = sec A, 
tan(180° + J) = tan4 and cot (180° + 4) = cot X 

Thus for each given value of any one of the Trigonometrical 
Ratios there are two angles and two only between 0° and 360° for ' 
which that Ratio is the same in magnitude and sign. 



105. Suppose QE to be the primitive line, and QP the re- 
volving line, and let the angle EQP, less than 360°, be denoted 
by^. 




Now suppose QP to make a complete revolution, that is, to 
start from the position indicated in the diagram and to revolve 
till it comes back to that position. 

Then the revolving line will have described an angle 360° + .4. 

Our triangle of reference will then be the same for an angle 
360° + A as for an angle A. 

Hence, sin (360* + A) = sin A f 

and cos (360° + A) = cos A. 

And the same holds good for the other Ratios. 
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Hence, expressing ourselves for brevity in the symbols of the 
circular system, if a be the circular measure of an angle for which 
any one of the trigonometrical ratios has an assigned value, 

2ir + a will represent an angle for which the value of that 
particular ratio is the same. 

Now let the revolving line make a second complete revolution, 
then it will have described an angle 

2tt + 2ir + a, or, 4ir + a. 

And so 4ir + a will represent an angle for which the value of 
the above-mentioned ratio will be the same. 

And, generally, if the revolving line, after having traced out 
the angle a makes n revolutions, 

2mr + a will represent an angle for which the value of any 
particular ratio is the same as it is for a. 

Now since n may have any integral value from 1 to oo there 
will be an infinite number of angles for which the value of any one 
of the Trigonometrical ratios is the same as it is for the angle a. 

Again, if a be the circular measure of an angle traced out by 
a line revolving in the positive direction, - (2ir - a) will be the 
measure of an angle traced out by the line revolving in the negative 
direction, for which the triangle of reference will be the same as 
for the positive angle a. 

If the line then make n complete revolutions in the negative 
direction, — 2mr - (2ir - a) will represent an angle for which the 
value of any particular ratio is the same as it is for a. 

We can now explain the way in which general expressions 
are found for all angles which have a given trigonometrical to&>&« 
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106. To find a general expression for all angles which have a 
given sine. 

Let a be an angle whose sine is given. 




a) 



First, reckoning in the positive direction, 

a and *■ — a 
are angles with the same sine. (Art. 97.) 

Also 2rwr + a | 
and 2?Mr+(ir — a) J 

are angles with the same sine. (Art. 105.) 

Secondly, reckoning in the negative direction, 

-(2ir-a) and _{2ir-(ir-a)}, 
that is, - (2ir - a) and — (ir + a), 

are angles with the same sine. 

Also -2rar-(2ir-a) *\ 

and -2nir-(ir + a) J * ' 

are angles with the same sine, n being any positive integer. 
Now the angles in (1) and (2) may be arranged thus : 
2nir + a, (2n+l)ir-a, -(2w + 2)ir + a, -(2w + l)ir-a, 

all of which, and no others, are included in the formula 

nir+(-l)".o, 

where n is zero or any positive or negative integer, which is there- 
fore the general expression for all angles which have a given sine. 
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107. To find a general expression for all angles which have a 
given cosine. 

Let a be an angle whose cosine is given. 




First, reckoning in the positive direction, 

a and 2w — a 
are angles with the same cosine, (Art. 101.) 

Also 2nir + a ^ 
and 2mr + (2ir— a) J 

are angles with the same cosine. (Art. 105.) 
Secondly, reckoning in a negative direction, 

— (2ir — a) and —a 

are angles with the same cosine. 

Also — 2tmt — (2ir — a) 



} 



(i) 



and — 2tmt— a f *' 

are angles with the same cosine, n being any positive integer. 
Now the angles in (1) and (2) may be arranged thus : 
2nir + a, (2»+2)ir-a, -(2» + 2)ir+a, ~2nir~a, 

all of which, and no others, are included in the formula 

2mr*a, 

which is therefore the general expression for all angles whieh 
have a given cosine. 
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108. To find a general expression for all angles which have a 
given tangent. 

Let a be an angle whose tangent is given. 




First, reckoning in the positive direction, 

a and ir + a 

are angles with the same tangent. (Art. 104.) 

Also 2rar + a 1 
and 2mr + (ir + a) J ' ' 

are angles with the same tangent. (Art. 105.) 

Secondly, reckoning in the negative direction, 

— (2ir — a) and — (ir— a) 
are angles with the same tangent. 

}••••••• (2) 

are angles with the same tangent, n being any positive integer. 

Now the angles in (1) and (2) may be arranged thus : 

2nir + a, (2n + l)ir + a, -(2n + 2)ir + a, -(2n+l)ir+a, 

all of which, and no others, are included in the formula 

nir + a, 

which is therefore the general expression for all angles which 
have a given tangent. 



Also -2wr-.(2ir-a) 
and — 2mr — (a- — a) 
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109. We shall now explain how to express the Trigono- 
metrical Ratios of any angle in terms of the ratios of a positive 
angle less than a right angle. 

First, when the given angle is positive. 

If the angle is greater than 360°, subtract from it 360° or any- 
multiple of 360°, and the ratios for the resulting angle are the 
same as for the original angle. 

Thus we obtain an angle less than 360°, and if this angle be 
greater than 180°, we may subtract 180° from it, and the ratios 
for the resulting angle will be the same in magnitude, but the 
signs of all but the tangent and cotangent will be changed. 
(Art. 102.) 

Thus we obtain an angle less than 180°, and if this angle be 
greater than 90°, we may replace it by its supplement, and the 
ratios for the resulting angle will be the same in magnitude, but 
the signs of all but the sine and cosecant will be changed. 
(Art. 102.) 

Thus 

sin 675 Q = sin (360° + 315°) = sin 315° = - sin 135° = - sin 45°, 

tan 960° = tan (720° + 240°) = tan 240° = tan 60°. 

Secondly, when the angle is negative. 

Add 360° or any multiple of 3G0° so as to obtain a positive 
angle, for which the ratios will be the same as for the original 
angle, and then proceed as before. 

If the given angle be less than 180°, apply the formulae ob- 
tained from Art. 100. 

Ex. sin (- 825°) = sin (1080° - 825°) = sin 255° = - sin 75°, 

. tan (-135°)= -tan 135° = -tan 45°. 

Examples. — XXV. 

Fjnd the values of the following ratios : 

(1) sin 480°. (2) cos 480°. (3) sin 495°. 

(4) cos 495°. (5) sin 870°. (6) cos 870°. 
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(7) sin 945°. (8) sin 960°. (9) tan 1020°. 

(10) cosecl380°. (11) sec 1395°. (12) cot 1410°. 

(13) cos 420°. (14) sec 750°. (15) tan 945°. 

(16) sin 1200°. (17) sin 1485°. (18) cos 1470°. 

(19) sin 7*. (20) sec8ir. (21) cosec930°. 

(22) cot 1140°. (23) tan 1305°. (24) cosecl740°. 

(25) sin (-240°). (26) cot (-675°). (27) sec (-135°). 

(28) tan (-225°). 



Examples. — XXVL 

Write down the general value of 6 which satisfies the follow- 
ing equations : 

(1) sin = 1. (2) cos0=l. 

(3) sin0 = -L. (4) tan0=V3. 

(5) 3sin0 = 2cos , 0. (6) 2sin0 = tanft 

(7) tan s + 4sin 1l 0=3. (8) eos" = sin* ft 

(9) tan0 = 4-3cotft (10) sec^-^secfl + l =0. 

110. The symbol sin" 1 x denotes an angle whose sine is x, 

cos" 1 a? cosine is x, 

and a similar notation is used for the other ratios. 

2 

Hence if we know that, for instance, tan = - , we may write 

o 

the general value of 6 thus : 

2 
= nv + tan" 1 ~ . 



CHAPTER X. 

ON THE TKIGONOMETKICAL KATIOS OP TWO ANGLES. 

111. We now proceed to explain the Trigonometrical Func- 
tions of the Sum and Different of two angles. These functions 
are the most important in the subject, and the student will find 
that his subsequent progress will depend much on the way in 
which he has read this Chapter. 

112. We shall first establish the following formulae : 

sin (-4 + B) = sin A . cos B + cos A . sin B f 
cos (-4 + B) = cos A . cos B — sin A . sin B y 
sin(4-jB) = sin.4 .cos2?-cos^. sin 5, 
cos (-4 — B) = cos A . cos B + sin A . sin B\ 

by means of which we can express the sine and cosine of the sum 
or difference of two angles in terms of the sines and cosines of the 
angles themselves. 

The diagrams which we shall employ are only applicable to 
the cases in which A and B are both positive and less than 90°, 
also, when we are considering the sum of the angles, A + B is less 
than 90°, and when we are considering the difference of the angles, 
A is greater than B. The formulas are however true for all values 
of A and B. Particular cases may be proved by special construc- 
tions of the diagrams, but it is beyond the scope of this treatise 
to enter into detail on this and similar points. 

8.T, ^ 



82 



ELEMENTARY TRIGONOMETRY. 



113. 



and 



To shew that 
bwl(A + B) 

coa(A + B) 



Bin. A .coBjfr + cos^.sini?, 
: cos A . cos B - sin A , «&2?. 
D 




Let the angle BAG be represented by A and (742) by B. 

Then the angle 2L£ D will be represented by A + B. 

From /*, any point in AD, draw PR at right angles to AB 9 
and P# at right angles to AC, 

From # draw QM at right angles to AB 9 and #iV at right 
angles to PR. 

Then angle QPN = 90° - PQN = iT#4 = QAM=A, 

RP 
Now sin(ii + jB) = sin/ > J7? = -— 



RN+NP QM+NP 



AP 



AP 



QM NP 
AP * AP 



QM AQ NP PQ 



" AQ' AP PQ * AP 

= sin A . cos B + cos ii . sin 2?. 

cos (4 + B) = cos PAR = jp 

AM -MR AM -NQ AM 
~ -4P " AP '~ AP 

AM AQ^NQ PQ 
*~ AQ'AP PQ' AP 
' =008.4. cos 2? -sin .4 .sin 2?. 



NQ 
AP 



tj 
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114. To shew that sin (A — B)=amA. cos B — cos A . sin B, 
and cos (A — B) = cosJ. . cos B + sin A . sin A 




Let the angle BAG be represented by A and CAB by A 

Then the angle BAD will be represented by A — A 

From P, any point in -AD, draw PR at right angles to AB and 
PQ at right angles to AG. 

From Q draw # J/" at right angles to AB and (^ at right 
angles to RP produced, • 

Now QP2r=90*-PQir=CQ2r=BAC=A. 

RP 
Thensm(A-B) = BmPAR = j^ 

RN-NP QM-FP QM NP 



AP AP 

QM AQ NP PQ 



AP AP 



~AQ'AP PQ'AP 

= sin A . cos B -cos J. . sin B. 

AR 
cos(4-J3) = cosP^ = =? 

AM+MR AM+NQ AM 



2TQ 



AP 



AP 



AP ^ AP 



AM AQ NQ^PQ 



AQ'AP ' PQ AP 
= coaA. cos B + sin -1. sin A 
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115. We shall now give some important examples of the 
application of the formulae which we have established. 

Ex. 1. To find the value of sin 75°. 

sin 75° = sin (45°+ 30°) 

= sin 45°. cos 30° + cos 45° . sin 30° 



= ^2'^ + 72-| ( Arte - 7 ^ 75 ) 



n/3 1 



2J2 V^ 

_ J3+1 

" 2J2 • 

Ex. 2. To find the value of cos 15°. 

cos 15° = cos (45° -30°) 

= cos 45° . cos 30° + sin 45°. sin 30° 

-J2- 2 + Jf2 

" 2J2 + 2^/2 

. n/3 + 1 

2^/2 ' 

a result identical with the value of sin 75°, in accordance with 
Art 96, for 

sin 75° = cos (90° - 75°) = cos 15°. 

Ex. 3. To shew that sin (90° -hA) = cos A. 

sin (90° + A) = sin 90*. cos A + cos 90°. sin A 
= 1 . cos^l + . sin.4 (Art 77) 

= 008^4. 

And similarly other relations between trigonometrical functions 
established in Chapter viii. may be proved. 

Ex. 4. To find a value of d which satisfies the equation 

sin0 + cos0 = (X 
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Multiply both sides by -^ . 

1 1 

Then sin0 .-j-? + COS0.--T, = : 

.\ sin 9 . cos 45° + cos . sin 45° = 0, 
or, sin(0 + 45°) = O; 

.-. + 45° = O; 
.-. = -45*. 



Examples.— XXVII. 
Prove the following relations*: 

(1) sin (A + B). sin (A-B}= sin 1 .4- sin' A 

(2) sin (a + /?) . sin (a - /?) =t;os s ft - cos" a. 

(3) 2 sin (« + y). cos (a; —y) = sin 2a; + sin 2y. 

(4) 2cos(£ + y).sin (a?-y) = sin2a;-sin2y. 

(5) cos (A + 5) . cos (A -B)=coa*A -sin* A 

(6) cos (a + /?) . cos (a - /?) = cos* /J - sin* a. 

/*\ x j x » sin (4 + A) 

(7) tan^+tani? = ) ^. 

v ' cos A . cos z? 

/«v . , . . /* sin (a — /J) 

(8) tan a - tan 5 = * ~. 

w ^ cos a. cos p 

(9) tan^~tan'C= 8in ^ + ^ 8 ^" g) . 
i; cos 8 A. cos* C 

,- «v • «~ sin a — sin* fi 

HO) cot* a - cot* /? = -.^ ^p. 

7 ^ sin" a . sin" p 
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Examples.— XXVIIL 

(1) Shew that sml5°=^^. 

(2) Shew that cos 75° = ^7^. 

A fJJi 

(3) Shew that tan 75'= 2 + ^/3. 

(4) Shew that cot 75° = 2 - J& 

1 2 

(5) If sina = ^ and sin/J = ^ find the value of sin(a + /?). 

3 2 

(6) If cosa = j and cos/? = ^ find the value of sin (a - /?). 

(7) If sina=*5 and cos/^-^ find the value of cos(a + /?). 

(8) If cosa= *03 and sin/J = 5 find the value of cos(a- )8). 



Examples. — XXIX* 

Apply the formulae established in this chapter to prove the 
following relations between the Trigonometrical Functions of 
angles. 

(1) cos (90° + ^) = -sin A. (2) sin (180° + A) = -sin A. 

(3) cos(v + 0) =-cos& (4) sm(-2- + 0j=-cos0. 

(5) cosec^ + aj=8eca. (6) tan (v + a) = tan a. 

(7) sin(2v-0)=-sin0. (8) tan(2v-0) = -tan0. 

(9) sec(18O*-0)«-Bec& (10) cosec(«— 0) =cosec0. 
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Examples. — XXX. 

Find a value of to satisfy the following equations, by a pro- 
cess similar to that given in Art. 115. 

(1) sin0-cos0 = O. (2) sin0+cos0 = l. 

(3) sin0-cos0 = /|. (4) sm0 + cos0=^tJ. 

(5) sin 0-f 0080 = ^/2. (6) sinfl-cosfl « ^ 3 ~ \ . 

116. Collecting the formulae of Arts. 113, 114, we next 
arrange them thus : 

sin (A + B) = sin A . cos B + cos A . sin B t 
sin(Jl— jB) = sin^i . cos B — cos A . sin B, 
cos (-4 — B) = cos A . cos B + sin A . sin jB, 
cos (4 + jB) = cos A . cos 2? — sin A . sin A 

Hence, by addition and subtraction, we obtain the following : 
sin (A + B) + sin (A - B) = 2 sin-4. cos 2?, 
sin (.4 + 2?) -sin (.4 - B) = 2 cob A , sin 2?, 
cos (-4 — 5) + cos (4 + B) = 2coaA . cos 2?, 
<X)s(4-2?)-cos(j4 + 2?) = 2sin^.sinZ?. . 

Now let A + B = P> 

and A-B = Q. 

Then 2.4 = P+#, and 2B = P-Q; 

••• <4=-y-, and 5 = --^—; 
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So that the formulae may be put in this form : 

sin P + sin Q = 2 sin — — -^.cos — jr-^-, 

% 2 

sin-r-sin^^=2cos — < r - L . sin — ^ , 

« « P + <? P-0 
cos@ + cosP = 2cos — ^ — .cos . , 

.cose-cosP i =2sin^^.Bin^^. 

J ' . 2 



117. As these results are of very great importance we shall 
repeat them separately, explaining each in words. 

(1) sini > + sinj8 = 2sin — ^ — .cos — ^ ^ 



that is, the sum of the sines of two angles is equal to twice the pro- 
duct of the sine of half the sum of the angles into the cosine of half 
their difference. 

Ex. sin 100 + sin 60= 2 sin T — .cos ^ — 

= 2sin80.cos20. 

(2) sin JP -^in Q = 2 cos — ^=-. sin — — , 

that is, the difference of the sines of two angles is equal to twice the 
product of the cosine of half the sum of the angles into the sine of 
Jialf their difference. 

_ • o ' • j o 8a+4a . 8a- 4a 

Ex. sin 8a-sin4a=2cos ; — . sin — - — 

2 * 

... i 
= 2 cos 6a. sin 2a. 



TRIGONOMETRICAL RATIOS OF TWO ANGLES. 89 



P + Q P — 

(3) COB Q + COB P = 2 COS — g . COS — 5-^ , 

that is, the sum of the cosines of two angles is equal to twice the pro- 
duct oftlie cosine of half the sum of the angles into the cosine of half 
their difference. 

•n *\ n /1 n 30+0 30 — 

Ex. COS0 + COS 30 = 2 cos — ^— L « c 08 — o — 

= 2 cos 20 . cos A 

(4) cos 0-cosP=2sin— ^— . sin ~ , 

that is, the difference of the cosines of two angles is equal to twice the 

product of the sine of half the sum of the angles into the sine of half 

their difference. 

■n » . " fl . 7a + 3o ' . 7o — 3o 

Ex. cos 3a-cos 7a = 2 sin — = — . sin — ^ — 

= 2 sin 5a . sin 2a. 

118. As the formulae at the end of Art. 116 teach us how 
to replace the sum or difference of two sines or cosines by the pro- 
duct of two sines or cosines, so the formulae at the beginning of 
Art. 116, when read from right to left, thus : 

2 sin A . cos B = sin (A + B) + sin (A — B) 9 
2 cos A . sin £ = sin (A + B) — sin (A — B\ 
2 cos .4 . cos2? = cos (A - B) + cos (A +B), 
2 sin A . sin B = cos (-4 - B) — cos (A + B), 

furnish rules for replacing the product of two sines or cosines by 
the sum or difference of sines or cosines. 

For example, 

sin 50 . cos 30 = | {sin (50 + 30) + sin (50 - 30)} 

= I (sin 80 + sin 20), 

sin0.sin30 = |{cos(30-0) -cos (30 + 0)} 

= 1 (cos 20 -cos 40). ' . '* 
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Examples. — XXXT. 

Prove the following relations : 

(1) sin 6A + sin 44 = 2 sin 5A. cos A. 

(2) sin 5A — sin 3-4 = 2 cos 4-4 . sin J. 

(3) cos 70 + cos 90 = 2 cos 80. cos 0. 

(4) cos0-cos50 = 2sin30.sin20. 

(5) sin a + sin 4a = 2 sin -^-. cos -^-. 

(6) cos 5a — cos 8a = 2 sin — - . sin — . 

(7) 2 sin 50. cos 70 = sin 120- sin 20. 

(8) 2 sin 30. sin 50 = cos 20- cos 80. 

(9) 2 cos a. cos 4a = cos 5a + cos 3a. 

(10) 2 cos a . sin 2a = sin 3a + sin a. 

.,-. sin-4 + sini? , A+B 

V 11 ) J - ; b =tan -^b — • 

v ' cos A + cos £ 2 

cos^-cos3i OJ 

(12) -7 — =-; ; — -. = tan 2A. 

x ' sin 3-4 - sin A 

7i ox sin 2-4 + sin -4 x 3-4 

(13) oi i = tan- s -* 

x ' cos2-4+cos-4 2 

(14) cos (30° - 0) - cos (30° + 0) = sin 0. 

(15) cosQ£ + 0J + cosh£-0j=cos0. 

(16) sin ( q + a J - sin f -= - a J = si] 

,,._. sina-sin/? x a+£ 

(17) 5 c = co t_ _£ 

x ' cos/j-cosa 2 



sin a. 
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/« ^ v sin a — sin B a — 8 

(18) ^— ^ £ = tan?— ". 

x ' cos ft + cos a 2 

., m sin 59 + sin 30 , . 

( 19 ) on ^-k* = cot ft 

x ' cos 30 -sin 50 

cos a + cos ft = cot^(a + ft) 
'"* ' cosft — cosa tan^(a — ft)" 

119. We can also express the sum or difference of a sine and 
a cosine as the product of sines or cosines. 



For since cos = sin f ^ - j (Art 96), 

fc S-0 



sina + cos0 = sina + sin 

= 28ini(a + |-0).cos|(«-| + <?). 

Again 

sin 40° + cos 60° = sin 40° + sin 3 V 

= 2 sin 35°. cos 5°. 

Examples. — XXXII. 
Express as the product of sines or cosines : 
(1) sina-cosft, (2) sin ( | + aj + cos (| - aj , 

(3) sin a + cos a, (4) sin a— cos a, 

(5) sin 30°+ cos 80°, (6) sin 20* - cos 80 d , 

(7) sinj + cos^, (8) sm^-cosg. 

120. We now proceed to explain how the Tangent of the sum 
and difference of two angles can be expressed in terms of the tan- 
gents of the angles themselves. 
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— ^ Ml II I * 

, . „ x sin (A + B) 

tan(4+£) = » ) ' 

x ' cos (-4 + 2f) 

sin .4 . cos B + cos -4 . sin B 
"" cos -4. . cos B — sin A . sin 2? ' 

and, dividing each term of the numerator and denominator by 
cos A . cos By 

sin .4. cos 2? cosA.sinB 

cos A . cos B cos ii . cos B 
"~ cos ;4 . cos 2? sin A . sin 2? 

cos -4 . cos -5 cos A . cos 2? 

tan A + tan 2? 
~~ 1 -tan A . tan 2?* , 



m sin( ^-^) 

tan (.4 -2?)=; ;, ' 

V * ' cos (-4 — B) 

sin -4 . cos 2?'- cos A.smB 
~~ cos -4 . cos 2? + sinJ. . sin B 

sin 4 . cos B cos -4 . sin B 

. cos -4 . cos B cos -4 . cos B 

* cos A . cos if sin -4 . sin 2* 

cos A . cos 2? cos A . cos 2J 

tan-4 — tan2? 
""• 1 + tan -4 . tan 2? " 

Cor, We groyed in Art 75 that tan 45° = L 

Hence 

tan 45°+ tan ,4 

_ 1 +tan-4 
= l-tanuT 

#j*a *\ tan 45° -tan J 

1 — tan^ 
~ 1 + tan A * 



< i 
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121. The results of the preceding article may be. obtained, 
without assuming the formulae for the sine and cosine, thus: 

Taking the Diagram of Art. 113, we have 

__ QM+P N 
"AM-NQ 

QM PF 
* AM * AM 
TUT' 



1- 



AM 



.Now -r-r>= tan «4 , 
AM 



and observing that PNQj MQA are similar triangles, 

PF PQ 



AM AQ 



tan 2?, 



-4Jf PN AM ' 

/j ™ tan.4 + tan2? 

122. Again, taking the diagram of Art. 114i we have 
tan(^-^) = gg = ^- P ^ 

4 J/ + iV# 

QM_P2r 

AM AM ' ' ' ' 



1 + ^ 



XT W * ^ 

nw^r-zr^ tan -d, 



tt 
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and observing that PNQ, MQA are similar triangles, 

NQ NQ PN 

AM = m-iM =i ** A ' imS > 

i a <nx tan A — tan B 
f \ tan(Jl-^) = -— - — . 

x ' l+tan4.tan2? 



Examples.— XXXIII. 

.,. tan a + tan £ . , ^ 

(1) — i r- £ = tana.tan£. 

v ' cot a + cot/? ^ 

._. tana + tanfl . . , m 

tana-ten| =taiia ^ ^ 
v ' cot a + tan/? N 

( 4) tei+i+toiri-*^*-. 

w 2 2 cos^ + cos^r 

(5) Bin^ = sin^,cos(^-^)+cos^r.sin(^-^). 

(6) cos^ = sin^.sin(^ + ^) + cos^.cos(^ + ^). 

(7) (coBa + cos)8){l-cos(a+)8)} = (sina + sinj8),8in(a+i8). 

a + 



<8) 



cos 



Bin (a + j8) 2 



sin a + sin £ a — B* 

r cos ^ 



. a + )8 
Bin - - 

- *K« + fl = « 

v ' sina-sin/? . a-p 

2 

,.-** o + j8 A a-/J 2sina 
(10) tan=^ + tan^=*— — — ^ 
v ' 2 2 cos a + 008/3 



TRIGONOMETRICAL RATIOS OF TWO ANGLES. 95 



(11) tan^-tan^- 2sin ^ 

v ' 2 2 cosa + cos^' 

, cosa-cos/3 £-a 

(12) - =— £ = tan — — . 

v ' sina + sin/3 2 

/iq\ xo 4. cos(a + /3) 

(13) cot/3-tana = * — r 1 -' . 

N ' cos a , sin /? 

(u) cot«r + *«*=-22^) . 

/i r\ x s x a /i sin (a + )3) sin (a—fib 

(15) tan a a-tan 8 £ = * — j- 1 ; „ w . 

x ' r cos a . cos /j 

(16) l + tana.taaj8= cos(a-fl) 
' ' cos a . cos p 

/i*\ -i x x o cos (a + 5) 

(17) l-tana.tan/i= * ^. 

x ' cos a . cos p 

x cota + tan£ D 

(lo) i 7-^ = cota.tanj5. 

x ' tana + cot/2 ^ 

/im tan* a;— tan* y , v x / * 

(20) cot(* + 45«H^. 

(21) sinfl + cosd=xy2.sin(45° + fl). 

(22) cosd-sinfl = N /2.sin^-flV 
tan a - tan /? sin (a — /?) 



(23) 



(24) 



tan a + tan /$ sin (a + /?) * 
cot x — cot y sin(y — x) 



cot a? + cot y sin (y + x) ' 

(25) cos(,i -£) + sin (4 +B) = 2am(A + 45°). cos(i? - 45°). 

(26) cos(4-£)-sm(44£) = 2sin(45°-i(). cos(45° + ^). 

(27) cos(4 + J5) + sin(4-JS) = 2sin(45 + 4) ? cos(45° + ^). 
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(28) cos (A + B) - sin (A - £) = 2 sin (45° - -4),. cos (45° - E). 

a cot— ■— 

(29) cosa + cos 2 



cos a — cos 5 , a — 3 
^ "tjan c 

2 

(30) sec 72° - sec 36° = sec 60°. 

(31) sin 108°= (sin 81° + sin 9°) (sin 81°- sin 9°). 

/QOX cos 3°- cos 33° , 1K0 
< 32 > sin3o + sin330 - tol5 °' 

(33) Sin S + Sin3 ^ tanl80 
v ' cos 33° + cos 3° 

/QylN cos 9° + sin 9° f 

< 34 > cos9o^sin9o = tai154 ' 

> 

(35 ) ^g-^^ -tanlffl. 

N ' cos 27°+ sin 27° 

(36) tan 50° + cot 50° = 2 sec 10°. 



CHAPTER XL 

• • • • , • • '■ 

OK THE TRIGONOMETRICAL RATIOS FOR MULTIPLE AND 

SUBMULTIPLE ANGLES. 

r ■■ 

123. The angles 2A, 3-4, IA are called Multiples of A, 

—-*-#■ #• i — .— — *-- ^ 

We shall shew how to express the Trigonometrical Ratios of 

A 

2 A, 3 A and -^ in terms of the ratios of A. 
9 2 

124. sin 24 = sin (4 + 4) 

= sin A . cos A + cos A . sin A 
= sin A . cos A + sin A , cos A 
= 2 sin A .-cos 4, 

Cos 2A = cos (.4 + 4) 

= cos A . cos A — sin A . sin A 
= cos*4 — sin* .4* 

* 

Now we may put 1 —sin* A in the place of cos* A 9 (Art. 84) 
and we then have 

. cos 2-4 = 1- sin* A — sin* A 

= l-2sin*4. 

Or we may put 1 — cos* -4 in the place of sin* A, (Art. 84) 
and we then have 

cos 2.4 = cos* A -(1 -cos* -4) 

= cos* A - 1 + cos* 4 

« 2 008*4-1, 
8.T. t 
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tan 2A = tan (.4 + A) 

tan.i + tan.4 >J* 

2 tan ,4 



l-tanM* 



125. If we put A in the place of 2A, and -- in the place of A, 



we have 



sin -4 = 2sin <r.cos ~ , 
cos A = cos" — — sin -^ 

= 2cob«4-1, 

2tan4 
tan J.= 



l-tan'^* 



1 — cos A _/» 

Hence we can shew that - . = tan* -= , a formula of great 

1 +C0S-4 2 ° 

importance. 

. A l-fl-Snn 1 ^ 2sin"4 A 

l-co&A \ 2) 2 . t A 

For i a = , . A = A = tan , - r . 

l + cos-4 - / t A ,\ ,-4 2 

l + ^cos'^-lj 2 cos* g 

Examples.— XXXIV. 

Prove the following relations : 

. « i 2<x>tA 

(1) sin2J = - — . 

x ' l + cot*4 
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/rt . sin 2A cos A A 

(2) ^ si • -^ j " tan -r . 

x ' 1 + cos 2-4 1 -»- cos A 2 

(3) cosec A + cot A = cot . 

O 

(4) tan0 + cot0 = ^-— . 

v ' sin 20 

/k\ • o/j 2 tan 

(6) 2 cosec 2A = aecA. cosec X 

,.. 0/1 l-tan*0 

(7) 008 20 = -= — ;— rs% 
N ' 1 + tan* 

/ox t a 2 sec 20 

(8) 860*0 = = j^* 

x ' 1 + sec 20 

, Q . 1-2 sin* -41 — tan A 
N ' 1 + sin 2-4 "" 1 + tan A * 

(10) cot0-2cot20 = tan0. 

/ii\ 1-cosa a 

(11) — ; = tan^. 

x ' sin a 2 

(12) sin2*_ ^^ . 

2 - sec* 4> 

(13) cos2^ = - ii ^. 

2 cot A 

(i5) ^«= x /( ! ^i^r)- 

//sec 2a •*• 1\ 
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(17) tana=*cosec2a — cot 2a. 

(18) cot p = cosec 2/3 + cot 2£. 

(19) ^(45^)=^^. 

(20) cot (45° - A) = sec 2A + tan 2 J. 

/on 1 + sin a 1 / n a\ f 

< 21 > TXST^lV + ^V ' 

(22) ^-{(rtf ;_iY. 

x ' 1 — cos a 2 \ 2 / 

1 

(23) tan0 = tan^ +^tantf .sec*^. 

< 24 > rarrt 860 ^* 811 *)*- ' 

(25) sul2 ^- 1+tall . (4 5. + ^ ) - 

(26) sin20 = — — 1 J£ :. 

tan ( j + 6 J + tan (j - J 

126. sin 34 = sin (24 +:4) 

= sin 2-4 . cos A + cos 2 A . sin J. 

= (2 sin -4 . cos A) . cos J. + (1 - 2 sin* J) . sin A 

= 2 sin A . cos* -4 + sin -4 — 2 sinM 

= 2sin-4. (1— sinV4) + sin-4-2sin 8 -4 

= 2 sin -4 — 2 sin 8 J. -f sin A — 2 sinM 

= 3sin4-4sin 8 -4. 
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127. cos ZA = cos (2A + A) 

= cos 2A . cos A - sin 2A . sin A 
= (2 .cosM - 1) . cos A — (2 sin A . cos -4) . sin A 
= 2 cos 8 ^. — cos J. — 2 sin*-4 . cos A 
= 2 cos 8 -4 - cos J. — 2 cos -4 (1 — cos* A) 
= 2cos s ^-cos-4-2cosul + 2cos a il 
= 4 cos 8 .4 — 3 cos A. 
sin 3 J. 



128. Tan 3A = 



cos 3 J. 

3 sin 4 - 4 sinM ' 

4co«M-3cob4 ' ^ dmdm S b ^ «* A 

3 sin -4 . . 

— 4 tan 8 A 

cos* A 



cos A 

__ 3 tan A . sec* -4 — 4 tan 8 A 
4- 3 sec* A 

_ 3 tan J. (1 h- tan*4)- 4 tan 8 -4 
~ 4-3(l + tanM) 

3 tan A — tan 8 J. 
" 1-3 tanM * 

Examples.— XXXV. 

In some of these Examples the student may employ with 
advantage the formuhe given in Art. 116. 

• 

- /1X cos30-sin30 - . on 

1. (1) — -- 7j -k = 1 -ism 29. 

x ' sin + cos 

. «/» /» 2 tan + sec 

(2) sin 25 + cos = — i — t — TTi — • 
x ' 1 + tan 8 
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A A 

(3) sin A = tan^ + 2 sin" - 6 cot A. 

,. x cot A tan A „ 

(4) + ss 1. 

v ' cot A — cot 34 tan A — tan 3 A 

(5) cos4JL + cos4^ = 2{l-2sin , (^4^)}{l-2sin , (^-J5)}. 

,~\ ,M~n * ,.~» * * sec 20 — cos 2d 

(6) tan(45' + 0)-tan(45'-tf) = 2. ^^ . 

(7) cot > g-tan > g = 8 1 C082 ^ > 
v ' 1 - cos 40 

(8) 2 sin A . cos 2-4 = sin 3-4 — sin 4. 

/m cos nA — cos (w + 2) A , , , x . 

(9) -t— . s7-r — ^-j=tan(w + l)X 

w sin(w+ 2)4-sinw4 v ' 

(10) cos 94 + 3 cos 74 + 3 cos 54 + cos 34 = 8 cos 8 A . cos 64. 

., _ . cosec 24 — cot 24 2 , 

(11) ^i ro7 = taai -*• 

x ' cosec 24 + cot 24 

/10X l + sin4 lA . 4\- 

< 12 > TT^ = 2( 1+tell 2)' 

„ « v 2 cos 24 - 3 cos 34 - 2 cos 4 , . 

(\ Q\ . = : — r . tan 4. 

v ; 2cos24 + 3 sin34+2sin4 

(14) tan (45° - 4) + tan (45° + 4) = 2 sec 24. 

(15) cos a - tan ^ sin a = cos 2a + tan ^ . sin 2a. 

(16) cot* 4 - tan* 4 = 4 cot 24 . cosec 24. 

(17) cosec a . cot a - sec a . tan a = 4 cosec 2a . cot 2a. 

/,«x A « x « 4 cos 2a 

(18) cot 8 a -tan* a = . an . 
1 ' sin* 2a 
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(19) coseo 9 6-sec f 6 =4co8 26.co8ec f 26. 

/oa\ xi ( a ko ^\ 2 cosec 2A - sec A 

(20) cot* [ 45° + - ) = 7i jt-j 5 . 

v ' \ 2/ 2 cosec 2A + sec A 

22. cot (Z + O)- tan Q + ^ = 2cot 2ft 

/0 «\ (cosec a + sec a)* . 

(23) > 5 ^ = J + sin 2a. 

N ' cosec a + sec a 

, . tan0 n , tan 20. tan . 

< 24 > toag-taur 008 ^ (25) t^^-te^= sm2A 

(26) tan(«+0 — sm'a-sm'/? 

v ' N ^' sin a . cos a - sin p . cos p 

(27) 4 sin .4 . sin (60° + A) . sin (60° - .4) = sin ZA. 

(28) cosec 20 + cot 40 + cosec 40 = cot ft 

2. Solve the equations : 

(1) sin 20 + ,/3 . cos 20 = 1. (2) sin* 20 - sin* = sin*| . 

(3) sin5#.cos3a;=sin9a:.cos7a5. (4) 2sin*30 + sin*60 = 2. 

(5) cos 2.4 + sin*4 = | . (6) sin 20 -sin 1 3ft 

(7) 4sin0. sin 30 = 1, (8) tan2a = 3tano. 

(9) 2cos20 = 2sin0 + l. (10) sin 7a - sin a = sin 3a. 

(11) cosec* - sec* = 2 cosec* . J3. 

(12) sin60 = 2sin40-sin2ft . 
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129. To find the Trigonometrical Ratios for an angle of 18*. 

Let ^ = 18V 

Then 24 = 36V ' \ * 

and 34=54°. 

Now the sine of an angle is equal to the cosine of the com- 
plement of the angle ; 

m \ sin 36* = cos 54* ; 

.*. sin 24 = cos 34 ;' 

.% 2 sin 4 . cos A = 4 cos 8 4 — 3 cos 4. 

Divide by cos4. 

Then 2sin4 = 4cos*4-3, 

2 sin4=.4(r- sin" 4) -3, ; 

2sin4 = 4-4sin"4-3, 
4 sin* 4 + 2 sin 4 = 1, 

sin* 4 + ^ . sin4 = ^ , 

sin4 + T =: ; , 
4 4 

and taking the upper sign, since sin 18° must be positive, 

smlS^zr^Ili. 
4 

Hence we can find cos 18°, tan 18° and the other ratios. 

Examples.— XXXVL 

Given sin 18° = ^— — find the value of the following Ratios. 

(1) sin 36°. (2) cos36 Q . (3) 8^54". (4) cos 54°. 
(5) sin 72°. (6) tan 72V (7) sin 90°. (8) cos 90°. 
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Shew that 
sin (36 ° + A) + sin (72° - i) - sin. (36° - A) - sin (72° + .4) = sin A, 
and that 
sin (54 ° + A) + sin (54° - A) - sin (18° + A) - sin (18° - .4) = cos A. 

130. "We now proceed to the formulae relating to sub multiples 
of angles, and first we shall prove that 

. A //l — cos -4' 

sin 



A //l — cos-4\ . 



Since cos^l = 1 - 2 sin" ^ ; (Art. 124,). 

A 
2 sin 8 -^ = 1 — cos A ; 
A 

. 9 A 1 — cos A 



. A /l-c 



— cos .4 



A 
If the value of A be given, we know whether sin -^ is positive 

or negative, and hence we know which sign is to-be taken. Thus, 

A 
if A be between 0° and 360°, sin ^ lies between 0° and 180°, and 

A 

A 
is positive : but if A be between 3(J0° and 720°, sin— lies between 

A 

180° and 360° and is negative. 



131. We shall next shew that 

A //l+cos-4 , 



«»2 



//l + cos A\ 

-V(-3-) 



A 
Since cos A = 2 cos 2 -^ - 1 ; (Art. 124,) 

A 

/. - 2 cos 8 ■$ = - 1 - cos A ; 
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.\ 2 cos 9 — =l + cos^; 



9 A 1 + cos A 



A /l + 

.\ 008 ^ = * y/ 



COS J. 



If the value of A. be given, we know whether cos -^ is positive 
or negative, and thus we know which sign is to be taken. For 
instance, if A lies between 0° and 180°, cos ^ is positive : but 

A 

if A lies between 180° and 360°, cos -^ is negative. 

A 



132. To prove that 

Ssin^r- =±tjl +sin.4=fe J I — sin A, 
A 



and 2 cos g 5=* Vl+sin^L Wl-sinii. 



A A 

Since sin* ^r- + cos* w = 1, 

A A 

and 2 sin — . cos -^ = sin A ; 

A 2 



.\ sin , - T +2sin 7r , cos-^ +cos*^ =1 +sin-4, 

A ' A A A 



and sin* 2 sin— . cos — + cos f ~ =1 — sin -4, 

2 2 2 2 



Hence, taking the square root of each side of both equations, 
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A A . 

sin jr + cos - » a s/l -t-sin-4, 
A A 

and sin -jr — cos -^ = * a/1 - sin Z. 

^ A 

Therefore, by addition, 

2 sin jr = ±\/l+sinJ. ±\/l- sin if, 
and, by subtraction, 

2 cos -jr- = =fc A/l + sin Jl v */l — sin J. 

133. If the value of A be given we know the signs of sin — 

and cos ^-, as we explained in the preceding articles. We also 
A 

A A 

know whether sin -= is greater or less than cos -^- . ' Hence, if A 

A A 

be known, we can assign with certainty the signs which the root- 
symbols are to have in the intermediate equations 

sin ^ -f cos -£ = ± ^1 + sin A> 



. A A 

2" COS 2 



sin -»- — cos -Q = =*= a/1 — sin A, 



and hence we can select the proper signs in the final equations. 
For instance, suppose A to lie between 180° and 270°. 

A 

Then w lies between 90° and 135°. 
*A 

.A A 

Therefore sin -jr- is positive and cos ^- is negative. 

A A 

Also, for an angle between 90° and 135° the sine is nu- 
merically greater than the cosine. 

Hence we must take the positive sign in both ec£i&&&rc&. 
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[ Examples— XXXVIL 

1. Affix to the root-symbols the proper signs when A is 15°. 

2. Affix to the root-symbols the proper signs when A is 300°. 

3. If sin 378° = " " 1 , determine cos 189° and sin 189°. 

4. If sin 1 9° . 29' = | , what is the value of sin 9°. 44'. 30" % 

5. If cos 315° = -7s , find the value of cos 157°. 30'. 

134. We mentioned in Art. 109 what are called the Inverse 
Trigonometrical Functions, sin" 1 a?, cos" 1 a?, <fcc. "We shall now 
give an example to illustrate the method of combining these 
functions. 

To prove that tan" 1 -r + tan" 1 ^ = 45°. 



Let 



then 



a = tan" 1 ^ and p = tan" 1 ^ ; 

tana=Q and tan/? = ^. 

__ x / m tana + tan/3 

Now tan (a + /?) = - — — — ^ 

x ' 1 - tan a . tan p 

1 1 

2* 3 

1 2*3 



= i; 

.-. a + = 45°, 
that is, tan" 1 ^ + tan" 1 ^ = 45°. 
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Examples.— XXXVnL 

3 4 

(1) If A = mC 1 ^ and B = mT l -=, shew that 4 + 5 = 90°. 

■*-■-• . — •••» 

1 1 

(2) If A = tan" 1 * and B = tan" 1 * , shew that A + 2B = 45°. 

(3) Shew that sin" 1 -— + cot" 1 3 = 45°. 

- . - . , - - . v ** ■ - ~ • - ■ * 

(4) Shew that tan" 1 ^ + tan" 1 ^ + tan" 1 = + tan" 1 - = 45°. 

(5) . Sl^eF that cof: 1 1 + cot" 1 ^ = 135°. 

3 y # 13 

(6) Shew that tan" 1 - + cot" 1 s = cot" 1 =-3 . 

O 6 . io 



(7) Shew that tan" 1 or- tan^ y = tan" 1 T — - • . 
w * 1 + xy 

(8) Shew that sin" 1 x '+ cost 1 a; = 90°. 

(9) Shew that sin" 1 = + sin" 1 ^ + sin" 1 — = - . 

5 lo 00 2 

1 I w 

(10) Shew that 4 tan" 1 ^ - tan" 1 ^ = j . 



CHAPTER XII. 



OK LOGARITHMS. 



135. Logarithms are numbers arranged in tables for the 
purpose of facilitating arithmetical computations. 

They are adapted to the natural numbers 1, 2, 3... in such a 
manner that by means of them 
the operation of Multiplication is changed into that of Addition, 

Division Subtraction, 

Involution Multiplication, 

Evolution Division. 

136. Def. The Logarithm of a number to a given base is 
the index of the power to which the base must be raised to give 
the number. 

Thus if m = a* a; is called the logarithm of m to the base a. 

For instance, if the base of a system of Logarithms be 2, 
3 is the logarithm of the number 8, 
because 8 = 2 s : 
and if the base be 5, then 

3 is the logarithm of the number 125, 
because 125 = 5 s . 

137. The logarithm of a number m to the base a is written 
thus, log, m\ and so, if m = a% 

« = log„m. 
Hence it follows that m = a 108 *™. 
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138* Since 1 = a 9 , the logarithm of unity to any base is zero. 
Since a = a 1 , the logarithm of the base of any system is 
unity. 

139. We now proceed to describe that which is called the 
Common System of logarithms. 

The base of the system is 10. 

By a system of logarithms to the base 10, we mean a succession 
of values of x which satisfy the equation 

w = 10* 
for all positive values of m y integral or fractional. 

Such a system is formed by the series of logarithms of the 
natural numbers from 1 to 100000, which constitute the logarithms 
registered in our ordinary tables, and which are therefore called 
tabular logarithms. 

140. Now 1 = 10°, 

10 = 10 1 , 

100 = 10 f , 

1000 = 10 8 , 
and so on. 

Hence the logarithm of 1 is 0, 

of 10 is 1, 

of 100 is 2, 

of 1000 is 3, 
and so on. 

Hence for all numbers between 1 and 10 the logarithm is a 
decimal less than 1, 

between 10 and 1 00 the logarithm is a decimal between 1 and 2, 

between 100 and 1000 a decimal between 2 and 3, 

and so on. 
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141. The logarithms of the natural numbers from 1 to 1% 
stand thus in the tables : 



No. 

1 
2 
3 
4 
5 
6 


Log 

» 


00000000 
0-3010300 
0-4771213 
0-6020600 
0-6989700 
0-7781 513 



No. 


Log 


•7 1 


0-8450980 


8 


0*9030900 


9 


0-9542425 


10 


1-0000000 


11 


1-0413927 


12 


1-0791812 



The logarithms are calculated to seven placed of decimals. 

142. The integral parts of the logarithms of numbers higher 
than 10 are called the characteristics of those logarithms, and the 
decimal parts of the logarithms are called the mantissa. 

Thus 1 is the characteristic, 

•0791812 the mantissa, 
of the logarithm of 12. 

143. The logarithms for 100 and the numbers that succeed it 
(and in some tables those that precede 100) have no characteristic 
prefixed, because it can be supplied by the reader, being 2 for all 
numbers between 100 and 1000, 3 for all between 1000 and 10000, 
and so on. Thus in the Tables we shall find 



No. 



100 
101 
102 



Log 



00O000Q 
0043214 
0086002 



which we read thus : 

the logarithm of 100 is 2, 

of 101 is 2;0043214, 
of 102 is 2-0086002. 

144. We shall, now prove the properties of logarithms, of 
which the fundamental one is the following : 

The logarithm (fa product is equal to the sum of the logarithms 
of its factors* 
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Let m = a* 

and n = a?. 

Then wm = «**♦*; 

„\ log a w*w = « + y 

= log.w + log a «. 
Hence it follows that 

log a mnp = log* m + log a n + log a j>, 

and similarly it may be shewn that the Theorem holds good for 
any number of factors. 

Thus the operation of Multiplication is changed into that of 
Addition. 

Suppose, for instance, we want to find the product of 246 and 
357, we add the logarithms of the factors, and the sum is the 
logarithm of the product : thus 

log 246 = 2-3909351 
log 357 = 2-5526682 
their sum = 4*9436033 
which is the logarithm of 87822, the product required. 

Note. We do not write log l0 246, for so long as we are treating 
of logarithms to the particular base 10, we may omit the suffix. 

145. The logarithm of a quotient is equal to the logarithm of 
tJie dividend diminished by the logarithm of the divisor. 

Let m = a% 

and n = a*. 

Then - = a'^; 

to 

* 

, m 

lit 



= log a m— log a n. 



8.T. 



114 ELEMENTARY TRIQONOMETR Y. 

Thus the operation of Division is changed into that of Subtrac- 
tion. 

If, for example, we are required to divide 371*49 by 52*376, 
we proceed thus 

log 371-49 = 2-569947i 

log 52-376 = 1-7191323 

their difference = -8508148 
which is the logarithm of 7*092752, the quotient required. 

146. The logarithm of any 'power of a number is equal to Hie 
product of the logarithm of the number and the index denoting tfo 
power. 

Let m = a*. 

Then m r = a r '; 

,\ log m r = rx 

= r . log a w». 

Thus the operation of Involution is changed into Multiplication. 

Suppose, for instance, we have to find the fourth power of 13, 
we may proceed thus 

log 13 = 1*1139434 

4 



4*4557736 
which is the logarithm of 28561, the number required. 

147, The logarithm of any root of a number is equal to the 
quotient arising from the division of the logarithm of the number 
by the number denoting the root. 



Let 


m = a m . 


Then 


1 m 

m r =a r ; 




. *? X 

••. log a m' = - 




=*-.log a m. 
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Thus the operation of Evolution is changed into Division. 

If, for example, we have to find the fifth root of 16807, we 

proceed thus 

5 [ 4-2254902, the log of 16807 

•8450980 
which is the logarithm of 7, the root required. 

148. The common system of Logarithms has this advantage 
over all others for numerical calculations that its base is the same 
as the radix of the common scale of notation. 

Hence it is that the same mantissa serves for all numbers 
which have the same significant digits and differ only in the 
position of the place of units relatively to those digits. 

For, since log 60 = log 10 + log 6 = 1 + log 6, 

log 600 = log 100 + log6 = 2 + log6, 

log 6000= log 1000 + log 6 = 3 + log 6, 

it is clear that if we know the logarithm of any number, as 6, we 
also know the logarithms of the numbers resulting from multiplying 
that number by the powers of 10. 

So again, if we know that 

log 1-7692 is -247783, 
we also know that 

log 17-692 is 1-247783, 
log 176-92 is 2-247783, 
log 1769-2 is 3-247783, 
log 17692 is 4-247783, 
log 176920 is 5-247783. 

149. We must now treat of the logarithms of numbers less 
than unity. 

Since 1 = 10°, 

•1=4=10-, 
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the logarithm of a number 

between land '1 lies between and — 1, 

between 'land "01 —land— 2, 

between -01 and -001 -2and-3, 

and so on. 

Hence the logarithms of all numbers less than unity are 
Negative. 

We do not require a separate table for these logarithms, for 
we can deduce them from the logarithms of numbers greater than 
unity by the following process : 

log -6 =1 °gjQ =log6-logl0 =log6-l, 
log -06 =logj|g = log6-logl00 = log6-2, 

log -006 = ^^ = ^6-^1000 = ^6-3. 

Now the logarithm of 6 is '7781513. 
Hence 
log -6 = - 1 + -7781513, which is written 17781513, 

log -06 = - 2 + -7781513, which is written 2-7781513, 

log -006 = - 3+ -7781513, which is written 3-7781513, 

the characteristics only being negative and the mantissas positive. 

150. Thus the same mantissae serve for the Logarithms of all 
numbers, whether greater or less than unity, which have the same 
significant digits and differ only in the position of the place of 
units relatively to those digits. 

It is best to regard the Table as a register of the logarithms of 
numbers which have one significant digit before the decimal point. 

No. Log 

For instance, when we read in the tables 144 | 1583625, to 
interpret the entry thus 

log^l-44 is -1583625. 



t ' 
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We then obtain the following rules for the characteristic to be 
attached in each case. 

I. If the decimal point be shifted one, two, three.... n places 
to the right, prefix as a characteristic 1, 2, 3....W. 

II. If the decimal point be shifted one, two, three. . . .n places 
to the left, prefix as a characteristic 1, 2, 3....W. 

Thus log 1-44 is -1583625, 

/. log 14-4 is 1-1583625, 

log 144 is 2-1583625, 

log 1440 is 3-1583625, 

and log -144 is 1-1583625, 

log -0144 is 2-1583625, 
log -00144 is 3-1583625. 

151. In calculations with negative characteristics we follow 
the rules of algebra. Thus 

(1) If we have to add the logarithms 3 64628 and 2 -42367* 
we first add the mantissse, and the result is 1*06995, and then 
add the characteristics, and this result is 1. 

The final result is T+ 1*06995, that is, -06995. 

(2) To subtract 56249372 from 3-2456973, we may arrange 
the numbers thus 

- 3 + -2456973 

- 5 + -6249372 



1 + -6207601 



the 1 carried on from the last subtraction in the decimal places 
changing — 5 into — 4, and then — 4 subtracted from — 3 giving 
1 as a result. 

Hence the resulting logarithm is 1*6207601. 
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(3) To multiply 37482569 by 5. 

"3-7482569 
5^ 

12-7412845 

the 3 carried on from the last multiplication of the decimal places 
being added to — 15, and thus giving — 12 as a result. 

(4) To divide 14-2456736 by 4. 

Increase the negative characteristic so that it may be exactly 
divisible by 4, making a proper compensation, thus 

Ti-2456736 = 16 + 22456736. 

_ 14- 2456736 16 + 2-2456736 T KMA1Qi 

Then - = -. = 4 + '5614184 ; 

4 4 

and so the result is 4-5614184, 

Examples.— XXXIX. 

1) Add 3-1651553, 47505855, 66879746, 2 7 6150026. 

2) Add 4-6843785, 5-6650657, 3*8905196, 3-4675284. 

3) Add 2-5324716, 3-6650657, 5*8905196, -3156215. 

4) From 2*483269 take 3-742891, 

5) From 2-352678 take 5*428619. 

6) From 5-349162 take 3 : 624329. 

7) Multiply £-4596721 by 3. 

8) Multiply 7*429683 by 6. 

9) Multiply 9-2843617 by 7. 

(10) Divide 6-3725409 by 3. 

(11) Divide 14 -432962 by 6. 

(12) Divide 4-53627188 by 9. 
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152. We shall now explain how a system of logarithms cal- 
culated to a base a may be transformed into another system of 
which the base is 6. 

Let m be a number of which the logarithm in the first system 
is x and in the second y. 



Then 


i» = a , 


and 


m = b 9 . 


Hence 


b° = a% 




m 




.•• ^ =1 °g.&; 



x log a 6* 

] 
log a 6 

Hence if we multiply the logarithm of any number in the 

system of which the base is a by = — r, we shall obtain the 

logarithm of the same number in the system of which the base 
is b. 

This constant multiplier = — j- is called The Modulus of the 

system of which the base is b with reference to the system of which 
the base is a. 

153. The common system of logarithms is used in all numeri- 
cal calculations, but there is another system, which we must notice, 
employed by the discoverer of logarithms, Baron Napier, and 
hence called The Napierian System, 

The base of this system, denoted by the symbol e, is the num- 
ber which is the sum of the series 

of which sum the first eight digits are 2*7182818. 
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154. Our common logarithms are formed from the Logarithms 
of the Napierian System by multiplying each of the latter by a 
common multiplier called The Modulus of the Gbmmon System. 

This modulus is, in accordance with the conclusion of Art 152, 
1 
log.10* 

That is, if I and X be the logarithms of the same number in the 
common and Napierian systems respectively, 

'~log,10 J " 
Now log, 10 is 2-30258509 ; 

••• i^ro * assssu or 4S429448 ' 

and so the modulus of the common system is '43429448. 

155. To prove that log. b x log* a = 1. 

Let x be the logarithm of m to the base <r, 
y to the base b. 

Then 111 = 0*, 

and m = b?; 

.-. o ,t =6 y . 



9 



Hence a =6% 



and i = o»; 

and ^ = *°g.&; 



.-. log.ftxlo&a = ?x- 

x y 

= 1. 



ON LOGARITHMS. 121 



156. The following are simple examples of the method of ap- 
plying the principles explained in this. Chapter. 

Ex. (1). Given log 2 =-301 0300 and log 3 = -4771213, find 
the logarithms of 64, 81 and 96. 



log64 = log2 a =61og2 

log 2 = -3010300 

6 





• 

81 : 

• 
• • 


, log 64 = 

= log3* = 
log 3 

log 81 = 


= 1-8061800 


log 


:41og3 
= -4771213 
4 




1-9084852 



log96 = log(32x3) = log32 + log3, 
and log 32 = log 2 5 = 5 log 2 ; 

.-. log 96 =5 log 2 + log 3 = 1-5051500 + -4771213 = 1-9822713. 
Ex. (2). Given log 5 = -6989700, find the logarithm of 

log (G-25? = J log 6-25 = | log £g = ± (log 625 - log 100) 
= i(log5*-2) = ^(41og5-2) 
= y (2-7958800 - 2) = -1136657, 



Examples. — XL. 

(1) Given log 2=3 010300, find log 128, log 125 and log 2500. 

(2) Given log 2 = -3010300 and log 7 = -8450980, find the log- 
arithms of 50, -005 and 196. 
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(3) Given log 2 = -3010300, and log 3 = -4771213, find the log- 
avithms of 6, 27, 54 and 576. 

(4) Given log 2 = -3010300, log 3=-4771213, log 7 = -8450980, 
find log 60, log -03, log 1 '05, and log -0000432, 

(5) Given log 2 = -3010300, log 18 = 1 -2552725 and 

log 21 = 1-3222193, find log -00075 and log 315. 

(6) Given log 5 = '6989700, find the logarithms of 2, -064, and 

(7) Given log 2 = -3010300, find the logarithms of 5, -125 and 

W - 

(8) What are the logarithms of *01, 1 and 100 to the base 10 ? 
What to the base -01 1 

(9) What is the characteristic of log 1593, (1) to base 10, 
(2) to base 12 f 



4* 

(10) Given — - = 8, and x = 3y, find x and y. 

(11) Given log 4 = -6020600, log 1-04 = -0170333 : 

(a) Find the logarithms of 2, 25, 83-2, (-625) 1 * 

(b) How many digits are there in the integral part of 
(1-04) 6000 ? 

(c) In how many years will a sum of money double itself, at 
4 per cent, compound interest, payable yearly? 

(12) Given log 25 = 1-3979400, log 1*03 = -0128372 : 

(a) Find the logarithms of 5, 4, 51 -5, (-064) 100 , 

(b) How many digits are there in the integral part of (1 -03) 800 ? 

(c) In how many years will a sum of money double itself at 
3 per cent, compound interest, payable yearly ? 
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(13) Having given log 3 = -4771213, log 7 = -8450980, 

log 11 = 1-0413927: 

77 3 

find the logarithms of 7623, ^^r and -^r , 

(14) Solve the equations : 

(1) 4096*=^. (4) a~6* = ft 

(2) (iV=6-25. (5) a•^& 4 -=c te - , . 

(3) <f.b'=m. (6) a*6~=c*-*'. 



CHAPTEK XIIL. 

ON TRIGONOMETRICAL AND LOGARITHMIC TABLES* 

157. We shall give in this Chapter a short description of the 
Tables which have been constructed for the purpose of facilitating 
Trigonometrical calculations. 

The methods by which these Tables are formed do not fall 
within the range of this treatise : we have merely to explain how 
they are applied to the solution of such simple examples as we 
shall hereafter give. 

We shall arrange our remarks in the following order : 

I. On Tables of Logarithms of Numbers. 

II. On Tables of Trigonometrical Ratios. 

III. On Tables of Logarithms of Trigonometrical Ratios. 

I. On Tables of Logarithms of Numbers. 

158. These Tables are arranged so as to give the mantisste 
of the logarithms of the natural numbers from 1 to 10000, that 
is of numbers containing from one to five digits. 

We shall now shew how by aid of these tables, first, to find 
the logarithm of any given number, and, secondly, how to deter- 
mine the number which corresponds to a given logarithm. 

159. When a number is given to find its logarithm. 

When the given number has not more than five digits we can 
take its logarithm at once from the tables. 
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When the given number has more than Hvq digits we can 
determine its logarithm by a process, which will be best explained 
by an example. 

Suppose we require to find the logarithm of 6276153. 

"We find from the tables 

log 62761 is 4-7976899, 
and log 62762 is 4-7976988. 

Hence log 6276200 is 6-7976988, 

and log 6276100 is 6-7976899. 

Thus for a difference of 100 in the numbers the difference of 
the logarithms is -0000089. 

We then reason thus: If we have to add -0000089 to the 
logarithm of 6276100 to obtain the logarithm of 6276200, what 
must we add to the logarithm of 6276100 to obtain the logarithm 
of 62761531 

Assuming that the increase of the logarithm is proportional 
to the increase of the number (which is nearly but not quite true), 
we shall have 

100 : 53 :: -0000089 : that which we have to add ; 

i. * v jj * 53 x -0000089 AAAAAi ^,^ 
.-. number to be added = r^ » -000004717, 

and therefore, omitting the last two figures, 

log 6276153 w 6-7976899 + -0000047 
= 6-7976946. 

If the first of the figures omitted be 5 or a digit higher than 5, 
it is usual to increase the figure immediately preceding it by 1 : 
thus if the number to be added had been -000004757 we should 
have added -0000048. - . i 

160. We took in the last article an integral number, but the 
same process will apply ip numbers containing decimals. l • "» 
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For suppose we have to find the logarithm of 627*6153 : we 

can find log 6276153 as before, and the only difference to be made 

in the final result is to change the characteristic from 6 to 2, 

that is, 

"log 627-6153 = 2-7976946. 



So again, in accordance with Art. 149, 

log -00006276153 = 57976946. 



^1) Given 



find 



(2) Given 



find 



(3) Given 



find 



(4) Given 



find 



(5) Given 



find 



(6) Given 



find 



Examples. — XIX 

log 52502 = 4-7201758, 

log 52503 = 4-7201841, 

log 52502-5. 

log 3-0042 = -4777288, 
log 30043 = -4777433, 

log 300-425. 

log 3202-5 = 3-5054891, 
log 3202-6 =3-5055027, 

log 32-025613. 

log 23660 = 4-3740147, 
log 23661 =4-3740331, 

log 236-601. 

log 67502 = 4-8293166, 
log 67503 = 4-8293231, 

log 67-5021. 

log 73335 = 4-8653113, 
log 73336 = 4-8653172, 

log 007333533. 
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(7) Given log 65931 = 4-8190897, 

log 65932 = 4-8190962, 

find log -000006593171. 

(8) Given log 34-077 = 1 -5324614, 

log 34-078 =1-5324741, 
find log 3407-78. 

(9) Given , log 39097 = 4-5921434, 

log 39098 = 4-5921545, 

find log 390974, 

(10) Given log 25819 = 4-4119394, 

log 25820 = 4-4119562, 

find log 2-581926, 

161. When a logarithm is given, to find the number to which 
it corresponds. 

If the decimal part of the logarithm is found exactly in the 
tables, we can take out the corresponding number. 

Thus if we have to find the number corresponding to the 

logarithm 2-8598645, we look in the tables for the mantissa 

•8598645, and we find it set down opposite the number 72421, 

hence 

2-8598645 is the logarithm of 724-21. 

Next, suppose that the decimal part of the logarithm is not 
found exactly in the tables, and that we have to find the number 
corresponding to the logarithm 3-9212074* 

We find from the tables 

log 8340-8 = 3-9212077, 

* » 

and log 8a40-7 = 39212025. 

Hence a difference of *1 in the numbers gives a difference of 
-0000052 in the logarithms. 
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Then, we reason thus : If we must add *1 to 8340*7 for an 
excess of '0000052 above the logarithm of 8340*7, what must we 
add for an excess of (39212074 - 39212025) or -0000049 ? 

Assuming that the increase of the number is proportional to 
the increase of the logarithm, we have 

•0000052 : -0000049 :: -1 : what is to be added to 8340*7; 

therefore we must add 

•0000049 x-1 49x-l 

-0000052 ' ° r ' ~52- ° r ' 094; 

therefore number required is 8340*794. 

If the given logarithm be negative, as —(2-1401355), we can 
change it into another of which the characteristic only is negative, 
thus 3 '85 986 45, and we can find the number corresponding to 
this logarithm, as before. The number required is *008340794w 



Examples. — XLII. 

(1) Given log 12954 = 4-1124039, 

log 12955 = 4*1124374, 

find the number whose logarithm is 4*112431. 

(2) Given log 462*45 = 2-6650648, 

log 462-46 =2-6650742, 

find the number whose logarithm is 3-6650657. 

(3) Given log 34572 = 4-5387245, 

log 34573 =4-5387371, 

find the number whose logarithm is 2*5387359. 

(4) Given log 39375-4-5952206, 
:.;..... log 39376 = 4-5952316, 

find the number whose logarithm is 5*5952282. 



ON TRIGONOMETRICAL AND LOGARITHMIC TABLES. 129 

(5) Given log 3*7159 = -5690640, 

log 3-7160 = -5700757, 

find the number whose logarithm is 3*5700702. 

(6) Given log 96461 =4*9813518, 

log 96462 = 4*9843563, 

find the number whose logarithm is 3*9843542. 

(7) Given log 25725 = 4*4103554, 

log 25726 = 4*4103723, 

find the number whose logarithm, is 7*4103720. 

(8) Given log 60195 = 4-7795532, 

log 60196 = 4-7795604, 
find the number whose logarithm is 2*7795607. 

(9) Given log 10905 = 4*0376257, 

log 10906 = 4*0376655, 

find the number whose logarithm is 3*0376371. 

(10) Given log 26201 = 4*4183179, 

log 26202 = 4*4183344, 

find the number whose logarithm is 2*4183314. 

II. On Tables of the Trigonometrical Ratios. 

162. "We have explained in earlier parts of this treatise how 
to find the values of certain Trigonometrical Ratios exactly or 
approximately. 

Thus we showed that sin 30° = ^ , that is, *5 exactly. 

A 

Again, tan 60°= */3, that is, 1*73205 approximately. 

Now the values of all the Trigonometrical Katiofl in the first 
quadrant have been calculated and registered in tables. "L&. **kr&-& 

8.T. ^ 
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tables the angles succeed each other at intervals of 1", in others at 
intervals of 10", but in ordinary tables at intervals of 1', and to 
the last-mentioned we shall refer. 

These tables are commonly called Tables of Natwral Sines, 
Cosines, &c. so as to distinguish them from the Tables of the 
Logarithm* of the Sines, Cosines", <fec. of which we shall hereafter 
treat. 

"We intend to explain, first, how we can determine the value 
of a Ratio that lies between the Ratios of two consecutive angles 
given in the tables, and secondly, how to determine the angle to 
which a given Ratio corresponds. 

163. To find the sine of a given angle. 

Suppose we want to determine the sine of 25°. 14'. 20", having 
given 

sin 25°. 14' = -4263056 and sin 25°. 15'= -4265687. 

From sin 25°. 15'= -4265687 
Take sin 25°. 14'= -4263056 



•0002631 is the difference for 1'. 

Now if we have to add -0002631 to the sine of 25°. 14' to 
obtain the sine of 25°. 15', what must we add to the sine of 25°. 14' 
to obtain the sine of 25°. 14'. 20"? 

Assuming that an increase in the angle is proportional to an 
increase in the sine, we have 

1' : 20" :: -0002631 : that which we have to add ; 

therefore we must add 

20 x -0002631 AAAAA „„ 
g^ , or, -0000877; 

.-.sine 25°. 14'. 20'' = -4263056 + -0000877 

- *= -4263933. 



•tAMiM»__AMi^>jaa^u_ 



ON TRIGONOMETRICAL AND LOGARITHMIC TABLES. 131 



164. To find the cosine of a given angle. 

If we have to determine the cosine of 74°. 45'. 40", having 
given 

cos 74 9 . 46' = -4263056 and cos 74°. 45' = -4265687, 

we proceed thus : 

cos 74°. 45'= -4265687 
cos 74°. 46' = -4263056 



•0002631 is the decrease corresponding to T, 

observing that the cosine decreases as the angle increases from 
0° to 90°. 

Hence 

1' : 40" :: -0002631 : what we have to take from -4265687 ; 

therefore we must take away 

40 x -0002631 ^ nni(rlfil 
— = -0001754; 

•\ cos 74°. 45'. 40"= -4265687 - -0001754 

= -4263933. 

Similar methods are to be taken to find the values of the other 
ratios, observing that the tangents and secants increase and the 
cotangents and cosecants decrease as the angle increases from 
0° to 90°. 

Examples. — XLIEI. 



(1) Given 


sin 42°. 15'= -6723668, 




sin 42°. 16'= -6725821, 


find 


sin 42°. 15'. 16". 


(2) Given 


sin 72°= -9510565, 




Bin 73°= -9563048,. 


find 


sin 72°. 14'. 



<&— <L 
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(3) Given 



find 



(4) Given 



find 



(5) Given 



find 



(6) Given 



find 



(7) Given 



find 



(8) Given 



find 



(9) Given 



find 



(10) Given 



find 



sin 54° = -8090170, 
sin 55° = -8191520, 

sin 54°. 36'. 

sin 87°. 26'= -9989968, 

Bin 87*. 27'= -9990098, 

sin 87°. 26'. 15". 

sin 43°. 14'= -6849711, 

sin 43°. 15'= -6851830, 

sin 43*. 14'. 20". 

cos 41°. 13'= -7522233, 

cos 41°. 14'= -7520316, 

cos 41°. 13'. 26". 

tanl . 22'= -0238573, 
tan 1°. 23'= -0241484, 

tan 1°. 22'. 30". 

cot 35°= 1-428145, 
cot 36°= 1-376382, 

cot 35°. 53'. 

sin 67°. 22'= -9229865, 
sin 67°. 23'= -9230984, 

' sin 67°. 22\ 48"-5. 

cos 34°. 12'= -8270806, 
cos 34°. 13'= -8269170, 

cos 34*. 12'. 19"-6. 



165. To find the angle which corresponds to a given sine. 
Suppose the given sine to be -5082784. 
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We find from the Tables 

sine 30°. 33'= -5082901 
sine 30°. 32^ -5080396 



•0002505 difference for 1'. 



given sine = '5082784 
sine 30 9 . 3* = -5080396 



•0002388 

Hence if a? be the number of seconds to be added to 30°. 32 / , 
•0002505 : -0002388 :: 60 : x ; 

2388x60 9552 K „ a 
•"• * = 2505 = ToT =57 ' 2 nearly; 

.-. the required angle is 30°. 32'. 57" *2. 

166. To find the angle which corresponds to a given cosine. 

Suppose the given cosine to be -5082784. 

We find from the Tables 

cos 59\ 27' = -5082901 
cos 59°. 28" = -5080396 



= -0002505 difference for T. 

cos 59°. 27' =-5082901 
given cosine = '5082784 

•0000117 
Hence if a; be the number of seconds to be added to 59°. 27V 
•0002505 : -0000117 = 60 : x; 

117x60 0Q . 
•• aJ = -2505- =28neaTly; 

.-. required angle is 59°. 27'. 2"-8. 
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Examples. — XUV, 

(1) Given mn 48°. 47'= -7522233, 

sin 48°. 46'= -7520316, 
find the angle of which the sine is -752140. 

(2) Given cos 2°. 34' = -9989968, 

cos 2°. 33'= -9990098, 

find the angle of which the cosine is -999000. 

(3) Given sin 43° =-6819984, 

sin 44° =-6946584, 

find the angle of which the sine is • 6849711. 

(4) Given cos 32*. 31'= -8432351, 

cos 32°. 32' =-8430787, 
find the angle of which the cosine is '8432. 

(5) Given sin 24M1'= -4096577, 

sin 24°. 12' =-4099230, 

find the angle of which the sine is -4097559. 

(6) Given sec 82°. 22 , = 7-528249, 

sec 82°. 23'= 7-552169, 

find the angle of which the secant is 7*53. 

(7) Given cos 53°. 7'= -6001876, 

cos 53°. 8'= -5999549, 

find the angle of which the cosine is '6. 

(8) Given cosec 25°. 3' =2-36179, 

cosec25 f . 4' =2-36029, 

find the angle of which the cosecant is 2*361, 
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(9) Given sin 73°. 44' = -9599684, 

sin 73°. 45'= -9600499, 

find the angle of which the sine is -96. 

(10) Given tan 77°. 19'= 4-44338, 

tan 77°. 20' = 4-44942, 

« 

find the angle of which the tangent is 4*4. 

III. On Tables of Logarithms of Trigonometrical Ratios, 

167. The Trigonometrical Ratios being number? have log- 
arithms that correspond to them, and these logarithms are in prac- 
tice much more useful than the numbers themselves. 

Now since the sines and cosines of all angles and the tangents 
of angles less than 45° are less than unity, the logarithms of these 
sines, cosines and tangents are negative. In order to avoid the 
inconvenience of printing negative characteristics, the logarithms 
of all the Ratios given in the tables are increased by 10. The 
numbers thus registered are called The Tabular Logarithms of the 
sine, cosine, <fcc, and they are denoted by the symbol Z, that is, 
L sin A denotes the tabular logarithm of the sine of A, 

When the value of any one of these Tabular Logarithms is 
given we must take away 10 from it to obtain the true value of the 
logarithm in question : thus 

L sin 25° is set down in the tables as 9-6259483, 

and the true value of the logarithm of the sine of 25° is therefore 

9-6259483 - 10, that is, - -3740517, 

or we might adopt the usual logarithmic notation of Art. 149, 
and say 

log . sin 25° = T-6259483. 

The Tables to which we refer are calculated for all angles in 
the first quadrant at intervals, of !'• 
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168. To find the logarithmic sine of an angle not exactly given 
in tlie tables. 

Suppose we have to find L sin 6°. 32'. 37". 

Z sin 6°. 33'= 9-0571723 

Z sin 6°- 32' = 9-0560706 



•0011017 difference for 1'. 

Then if x be the number to be added to 9*0560706 to give us 
Z sin 6°. 32'. 37", we have 

60 : 37 = -0011017 : x; 
.,= ^^- 7 = - 0006791, nearly; • 

.-. Z sin 6°. 32'. 37" = 9-0560706 + -0006794 

= 9-05675. 

169. To find the logarithmic cosine of an angle not exactly 
given in tlie tables. 

Suppose we have to find Z cos 83°. 27'. 23". 
Z cos 83°. 27' = 9 0571723 
Z cos 83°. 28' = 9-0560706 



•0011017 difference for 1'. 

Then, if a? be the number to be subtracted from 9*0571723 to 
give us Z cos 83°. 27'. 23", we have 

60 : 23= -0011017 : x; 

s.*-™ 1 ™***- '0004223 nearly; 

.-. Z cos 83°. 27'. 23" = 9*0571723 - -0004223 

= 9-05675. 

Similar methods must be taken to find the Tabular Logarithms 
of the other Trigonometrical Ratios : it being remembered that the 
tangent and secant increase, and the cotangent and cosecant 
decrease, as we pass from 0° to 90°. 
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(1) Given 



find 



(2) Given 



find 



(3) Given 



find 



(4) Given 



find 



(5) Given 



find 



(6) Given 



find 



(7) Given 



find 



(8) Given 



find 



Examples. — XLY. 

Z sin 55°. 33'= 99162539, 
Z sin 55°. 34' = 9-9163406, 

Z sin 55°. 33'. 54". 

Zsin 29°. 25'= 9-6912205, 
Z sin 29°. 26' = 9-6914445, 

Z sin 29°. 25'. 2". 

Z cos 37°. 28' = 9-8996604, 
Z cos 37°. 29' = 9-8995636, 

Z cos 37°. 28'. 36". 

Z sin 54°. 13' = 9-9091461, 
Z sin 54°. 14' = 9-9092371, 

Z sin 54°. 13'. 19". 

Z tan 27°. 42' = 9 7201690, 
Z tan 27°. 43'= 9-7204759, 

Z tan 27°. 42'. 34". 

Z tan 5°. 13' = 8-9604728, 
Ztan 5°. 14' = 8-9618659, 

Ztan5°.13'.23". 

Zcot3°. 37' = 11-1992368, 
Zcot3°. 38' = 11-1972347, 

Z cot 3°. 37'. 50". 

Zsin 39°. 25'= 9-8027431, 
Z sin 39°. 26' = 9 8028968,. 

Z sin 39°. 25'. 10". 
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- — - - — 

(9) Given Z sin 70°. 34' = 9-9745252, 

Zsin 70°. 35' = 9-9745697, 
find Z sin 70°. 34'. 17". 

(10) Given Z cos 88°. 54' = 8-2832434, 

Z cos 88°. 55' = 8-2766136, 
find Zcos88°.54'.16". 

170. To find the angle which corresponds to a given Tabular 
Logarithmic Sine. 

Let the given Z sine be 8*878594. 
We find from the tables 

Z sin 4°. 21' = 8-8799493 

Z sin 4°. 20' = 8-8782*54 



•0016639 difference for 1'. 



given Z sin = 8*8789540 
Z sin 4°. 20' = 8-8782854 



•0006686 

Hence if a; be the number of seconds to be added to 4°. 20', 

•0016639 : -0006686 = 60 : x; 

6686x60 oi 
•'• aJ = ^6639- = 24nearly; 

.\ required angle is 4°. 20'. 24". 

171. To find the angle which corresponds to a given Tabular 
Logarithmic Cosine. 

Let the given Z cosine be 8*878954. 
We find from the tables 

Z'cos 85°. 39'= 8-8799493 
Z cos 85°. 40'= 8-8782854 



•0016639 difference for 1'. 
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L cos 85°. 39'= 8-8799493 
given L cosine = 8*8789540 

•0009953 

Hence if x be the number of seconds to be added to 85°. 39', 

•0016639 : -0009953=60 ; x; 

9953x60 _ Q . 
•'• * = ~16639~ nearly; 

f % required angle is 85* 39'. 35"-8. 

Examples. — XLVL 

(1) Given I sin 14°. 24'= 9-3956581, 

L sin 14°. 25'= 9-3961499, 

find the angle whose L sin is 9*3959449. 

(2) Given L sin 54°. 13' = 9*9091461, 

Z sin 54°. 14'= 9*9092371, 

find the angle whose L sin is 9*9091760. 

(3) Given L sin 71°. 40 / = 9*9773772, 

L sin 71°. 41'= 9-9774191, 

find the angle whose L sin is 9*9773897, 

(4) Given L cos 29°. 25' = 9 -9400535, 

Zoos 29°. 26'= 9*9399823, 

find the angle whose L cos is 9*9400512. 

(5) Given L tan 30°. 50'= 9-7759077, 

Ztan30°. 51'= 9-7761947, 
find the angle whose L tan is 9*7760397. 

(6) Given L cot 86°. 32' = 8-7823199, 

Zcot 86°. 33'= 8*7802218, 

find the angle whose Xcot is 8*7814643, 
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(7) Given L sin 24*\ 8' = 961 15762, 

L sin 24*. 9' =9-6118580, 
find the angle whose L sin is 9*6117876. 

(8) Given Z tan 11*. 39'= 93142468, 

L tan 11. 40' = 93148851, 

find the angle whose L tan is 9-3148011. 

(9) Given . Z cosec 46. 23'= 10-1402787, 

L cosec 46 . 24' = 101401584, 

find the angle whose L cosec is 10*1402567. 

(10) Given L sec 29°. 54' « 10*0620326, 

L sec 29°. 55'= 100621053, 

find the angle whose L sec is 10062068557. 



CHAPTER XIV. 

ON THE RELATIONS BETWEEN THE BIDES OF A TRIANGLE AND THE 
TRIGONOMETRICAL RATIOS OF THE ANGLES OF THE TRIANGLE. 

172. A triangle is composed of six parts, three sides and 
three angles. 

Three of these parts being given, one at least of the three being 
a side, we can generally determine the other three parts. 

If only the three angles be given, we cannot determine the sides, 
because an infinite number of triangles may be constructed with 
the three angles of the one equal to the three angles of the other, 
each to each. 

173. We shall denote the angles of a triangle by the letters 
A, B, G; the sides respectively opposite to them by the letters 
a y b, c. 

The student must remember the results established in Art. 97, 

sin (180° -4) = sin J, 
cos (180°-^) = -oos.4. 

A 




S C -D 

Thus 4 if AGB be an exterior angle of the triangle AGD % 

emACB = smACD, 

cos AGB = - cos AGD. 

The results of Art. 62 are also frequently employed in this 
and the next Chapters. 
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174. To shew that in any triangle 

<?•= a . cos B + b . cos -4. 




Fig. 2. 




Let -4, 2? be any two angles of the triangle ABC, and as one of 
them must be acute, let it be A. 

Then according as B is acute or obtuse, draw CD at right angles 
to AB or to AB produced 



Then, in fig. 1, 



c=AD+DB 
= AC. cos A + BC. cos B 
tzb . cos A + a . cos B -, 
and in fig. 2, 

c=AD-DB 

= AC.coaA-CB.cosCBD 
■ ^b.coaA +** . cos B 9 since cos CBD = — cos ABC* 

If the angle at B be a right angle the theorem holds good, for 
then cos B = cos 90° = 0, and ,\ a . cos B = 0, and we have 

c=6.cosA» 
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175. To sliew tliat in every triangle the sides are proportional 
to the sines qftJie opposite angles. 



Fig. 1. 



Fig. 2. 





4. J) JB A. T B D 

Let A, B be any two angles of the triangle ABC, and as one 
of them must be an acute angle, let it be A. 

Then, according as B is acute or obtuse, draw CD at right 
angles to AB or to AB produced. 

Then in fig. 1, 

. _ CD 









0111 -CL = 


■ b ' 
















sin 2? = 


CD 

• 

' a ' 














• 
• • 


sin A 
sin if 


CD 

m 

b * 


CD 

a 


CD 


a 

CD 


a 


in 


% 


2, 


sin A = 


CD 











rn 

sin__? = sin (180° -£) = sin CBD = — } 



siaA CD CD CD a 

x 



a 
V 



" sin_5 b ' a b CD 
If the angle at B be a right angle the theoiem still holds good, 

for then^ 

. a 
sin A = y - 
o 

sin B = 1 ; 

sin J. a 

• _______ — 

* " sin _B b * 
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Similarly it may be shewn that in any triangle 



sin J. a 



= - and 



sin 2? b 



sin G c ~ sin G e 
and therefore we conclude that 

sin A sin B sin 



a 



176. To express the cosine of an angle of a triangle in terms of 
the sides. v 

Fig* 1. Fig. 2. 





Let A, B be any two angles of the triangle ABC, and as one 
of them must be acute, let it be A. 

Then, according as B is acute or obtuse, draw CD at right 
angles to AB or to AB produced. 

Now, in fig. 1, by Euclid n. 13, 

AG' = AB a + BG a -2AB.BD, 
or b* = c* + a a -2c.BD. 

Now, from the right-angled triangle BCD, 

BD B BD 

jjjj=cobB, or — =cos£, or, BD = a.CQ&B; 

.% 6* = c , + a*-2ac.cosi?. 
Again, in fig. 2, by Euclid n. 12, 

AG 9 = AB' + BG* + 2AB . BD, 
or b t =e a +a* + 2c.BD. 
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Now -g^ = cos GBD = - cos (180° - CBD) = - cos B ; 

.: BD=-BC.coaB, or BD = -a.coaB; 
.-. b* = c* + a* — 2oc . cos A 

Hence, in each case, 

2oc . cos 2? = c*+ a* - b* f 
c' + a 9 -b' 



or cos B = 

So also cos A = 

and cos (7= 



2oc 
b* + c*-a' 

a a + 6 a -c 9 



2o6 

If B is a right angle, cos B = 0, and the theorem still holds 
true, for then 

b*=a* + <?. 

177. To shew that 



Since 



A A-B a-b X C 

tan — - — = F . cot-^ . 

2 a + b 2 

a Bin A 
6 a= siO , 
o — b sin -4 — sin B 

a + 6 ~" sin -4 + sin 2? 

A+B . A-B 
2 cos — = — . sin — s — 

r -. ilh a-b <**■ 116 > 

2 sin — - — . cos 



tan 



tan 
tan 



2 *2 

2 

X+1T 



2 
A-B 



2 . ^ + £ OA0 C 
, since — s — = 90 



, _, 2 - vv 2 , 
eot 3 

. A-B a-b a 

.'. tan jr— = ^ . COt jr . 

2 a + b 2 
S.T. V^ 
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178. If * = s — , we can prove the following results : 



(■) "i-v^ 3 - 



The method of proof will be given in the next two articles. 



179. First, to shew that 



Since 



.A_ / (— 6)(#-«) 
8m 2" V Vc 



cos A = 1 — 2 sin* — , 



2sin 9 — - = 1 — cos J. 
23 



6 ' + C '- a ' (Art. 176) 





26c 


V** 


26c 


-V-f + a a 




26c 




a 9 - 


(6 s - 26c 


+ c*) 




26c 




(a + 


b — c)(a 


-6 + e) 



26c 



-*-r ./• # + 6 + C - 

Nowif * = — s — , 2* = a + 6+c; 



/. a + 6-'c = 2a-2c and a-6 + c=2«-26; 



« . * * 
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••^ Sm 2~ 2fc 

,,sm 2"V 6c 

"We must take the positive sign with the root-symbol, because 

A being an angle of a triangle must be less than 180°, and there- 

A A . 

I fore jr less than 90°, and consequently sin -=- is positive. 
A A 

180. Next, to shew that 

a 

A /*.(* — a) 

C08 i = v-V- Z - 

A 
Since cos A — 2 cos*-^ — 1 ; 

A 

.•. 2 cos*-^- = 1 + cos A 

m b' + c 9 -a* 



Now, if 





2bc 






2bc + b* +c 1, -a , 






2fc 






(6 + c + a)(6 + <?- 


■ a ) 




26c 






6 + c + a 
»= 2 ' 




f a = 


-2s and 6 + c— a = 2«- 


2a 


.\2 


9 ^i 2*.2(s-a) 





9 -4 *.(* — a) 

••• 008 2 = v-V- 



\<5>— ^ 



148 ELEMENTARY TRIGONOMETRY. 



181. From the preceding articles we may at once derive two 
other formulae : 

(1) sin A = 2 sin -^ . cos ~ 



-2 / (*-6)(«-c) /s.(s-a) 
V be W be~~ 

2 — r— 

= ^ • j8.(8-d)(8-b)(8-c), 



(2) tan- = sinj-4-ooBy 



/(s-b)(8^c) u /*.(*- a) 

V 6c * V 6c 

> («-6)(,- c ) ^ 

V s . (s - a) \ 



Examples. — XLVIL 

Prove the following relations when J, i?, (7 are the angles of a 
triangle : 

(1) sin(4+£) = sintf. (2) cos {A + 5) = - cos G. 

(3) sin — ^ — =cos^. (4) cos— j— = sin^. 

(5) tan— ^— =cot^. (6) cot— ^— =tan^. 

Many other relations may be established by the use of the im- 
portant formulae explained in Art. 116, and the set of examples 
just given. 

Thus, to shew that, if A + B + G = 180°, 

ABC 
sin .4 + sin 2? + sin (7 = 4 cos ^ . cos^ . cos g, 
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we proceed thus, 

sin-<£ + sin2? = 2sin — ^— .cos — ^—' (Art. 116) 

o A-B 
= 2 cos ^ .cos — ^ — ; 

•\ sin 4 + sin B + sin (7 = 2 cos ^ . cos — ^ — + 2 sin - . cos ^ 

' G ( A-B A + B\ . 

= 2cos ^ (cos — = — +cos — o — ) 

= 2 cos 2 (2 cos 2 » c os «) (Art 116) 

. A B G 

— 4 cos -5 . cos ^ . cos s • 

<£ A A 



Examples. — XLYIII. 

If A, B 9 C be the angles of a triangle, prove the following 
relations : 

(1) sin 2A + sin 2B + sin 2C=4 sin A sin B sin G. 

(2) 4sin^.sin£. sin tf = sin (- .1 + £ + #) 

+ aui(A-B + G) + Bm{A + B-C). 



(3) 



.A ^G 
cot— +cot-s . D 
2 2 _sini? 

~B 7^ = s ^2' 
cot -^ + cot 2 



(4) tan^ + tani?4-tanC=tanii.tan2?.tanC f . 

(5) cot -4 . cot B + cot A . cot G + cot 2? . cot G = 1. 

(6) cot^- + cot^ + cot^ = cot^ .cot ^- . cot ^ . 

(7) 4cosii.cos5.cosC r =-(l + cos2^ + cos25 + cos2C). 

A B G 

(8) co8-4 + cosi? + cos(7 = 4snw ,sin ^ • si* o" + * - 
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(9) 4 sin A . cos B . cos (7 = — sin 2.4 + sin 2-5 + sin 2(7. 

(11) sin2^+sin22?-8in2C = 4sin(7.COS > 4.COs2?. . 

ABC 

(12) cos^ + cos 2? -cos (7 = 4 cos ^. cos ^r. sin ^-1. 

(13) cos" 2~+ cos" 2 + cos* -^ = 2 + 2 sin ^r . sin <r- . sin -<r 

(14) Bin* ^ + s" 1 o + sm" -*= 1 - 2 sin ^ . sin -~ . sin --- 



1. In a right-angled triangle where C is the right angle prove 
that 



A _ . _ „ c 



* 



(1) 6 + c=a.cotg. (2) 2cosec2.4.cot2?:=£ 5 . 

<»> *f VC-ir)- » -f VfsO- 

(6) tan24-sec2£ = f— . 

(7) (sin-4 - sin B)*+ (co&A + cos B)* = 4 sin* ^ . 



c* 



(8) sec 24 = - g _ , , (9) ahc = a 9 . cos .4 + 6 8 . cos J?. 



(10) cot(£-J) + cot2(j+^) = 0. 



2. In any triangle prove the following relations : 

n Bin-4-sin2?_sin(7 /ft . sin(4-l?) _ a*-5* 

W ^ "7"- W sin (7 c* # 

(3) tan^4 = ^ r=. (4) cot.4=-.cosec2?-cot A 

x ' 6~ocos(7 N ' a 
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5) a + 6 + c=(a + 6)cos(7 + (a + c)cos2?+(& + c)cos.4. 

6) (a + 6) sin ^ = c.cos — - — . 

A A 

»\ / v\ (s A. — H 

7) (a-6)coB^ = c. sin — ^— . 

A A 

m tan 2? a* + b* — c a ,- x . _ . „ 

8) t^g = a a -6 a + c a ' ^ c = a(cos£ + sini?.cot^). 

10) a 8 + & 8 + c 8 =2(a&.cosC+ac .cos 2? + 6c. cos -4). 

11) <x>s 8 4 + cos 8 2? + cos , tf+2cosui.cos2?.cosC'=l. 
10X . A-B a-b C 

12) SUl jr— = .cos — . 

' 2 c 2 

13) cos-4 + cosi?= .2sin*-27. 

7 c 2 

14) a* sin J. + ab . sin 2? + ac . sin (7= (a 8 + 6* + c*) sin A. 
\o) cot - : cot ^ = 5 + c - a : a + c - 6. 

-4 . 2? a + 6 + c 



16) cotj.cot^-.^ 



in(Ww 



17) a.ain(i?-(7) + 5.Bin((WU) + c.Bin(i-.J!)«0. 

3. If a, 6, c be in arithmetical progression, shew that 

sin f-4 + ^ ) = 2 sin -^ . 

4. ABC is a triangle inscribed in a circle and a point P is 
taken on the arc BC : shew that 

PA . am A = PB . amB +PC . sin (7. 

5. If ABC be a triangle and AB be drawn at right angles 
to BC, shew that 

6* sin (7 + c 8 sin 2? 



6 + c 



X 
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* 

6. The sides of a triangle being 4, 9, 12, shew that the 

length of the line bisecting the angle between the two shorter 

4 t 

sides is 2y5. 

7. If sin A = 2 cos B . sin £7, shew that the triangle is iso- 
sceles. 

i 

t t» • rv sin .4 + sin .5 _ „ __- 

8. If cos -4 . cos if. sin (7= 3 ^> shew that (7=90. 

sec A + sec jB 

9. If sin 9 A = sin 8 i? + sin* (7, shew that A = 90°. 

~a , is , a 

10. If 7 = c* and also sin A . sin 5 = sin* ft shew 

that the triangle is right angled* 

11. If G = 120°, shew that c*= a 9 + db +b\ 

12. If CD bisect the angle and meet AB in Z>, shew that 

tan ADG = r tan -= . 

a — 6 2 

13. If (72> bisect ^£, shew that 



CHAPTER XV. 

ON THE SOLUTION OF BIGHT-ANGLED TRIANGLES. 

182. Let a, b, c be the sides of a triangle and A, B 9 C the 
angles opposite to them. Of these six elements which present 
themselves in every triangle three must be known in order that 
we may determine the others, and one of these three must be 
a side. 

183. The three angles of every triangle are together equal to 
two right angles : that is, 

A+B + C=180°. • 

Hence, if two of the angles be known, the third will be known 
also. ™ 

184. Several of the results obtairod in Chap. xiv. are to be 
carefully remembered, and especial attention must be given to the 
following formulae, established in Arts. 175, 176, 177: 

■r m, «. t sin A sini? sin C 

I. The Sine-rule, = — =- — = . 

a o c 

b 9 + c*-a* 



II. The Cosine-rule, cos A = 



26c 



^ _ m L , x A-B a-6 .0 

HI. The Tangent-rule, tan — ~— - = —-7 . cot ^ . 

185. We may now proceed to explain the method of solving 
right-angled triangles. 
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We shall denote the right angle by C. Then we may have 
the following data : 

(1) Two sides and an angle, 

(2) Two angles and a side. 

186. First, when two sides and an angle are given, as 6, c, C. 




When two sides of a right-angled triangle are known, we can 
determine the third side ; thus, in this case, 



a = J7^b\ 



and so a is determined. 



a 



Next, sin A = - , from which we can find A . 

c 

Lastly, B = 180° - (A + C), and so B is determined. 

187. Next, when two angles and a side are given, as c, A, C. 

First, - = sin A, from which we can find a. 
c 



Next, - = cos A, from which we can find b. 
c 

Lastly, B = 180° - (A + C), from which we can find B. 

188. If A be one of the angles of a triangle and the value of 
sin J. be given, we cannot determine the value of A without pre- 
viously knowing whether A is an acute or an obtuse angle. 
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Thus, suppose we know that sin A » - , one value of A which 

satisfies this equation is 30°, but another value of A which satisfies 
the equation is 150°, for since the sine of an angle is equal to the 
sine of the supplement of the angle, 

sin 150° = sin (180° - 150°) = sin 30°. 

In a right-angled triangle A, when not the right angle, must 
be acute, and so in the cases we have considered no ambiguity 
can occur. 

In oblique-angled and acute-angled triangles we shall find only 
one case in which we cannot determine with certainty the value 
of A from the known value of sin A. 

189. We shall now give some Examples of the practical ap- 
plication of the methods of solution described in the preceding 
Articles. 

To take the first of the two cases, suppose we have the follow- 
ing data: 

6 = 5, c=13, £7 = 90°. 

Then a = JJ^b* = Jm-25 = Jl£i = 12. 

n 12 

and sin A = - - ^ = -9230769. 

c 13 

Now from the tables we find 

sin 67°. 2%= -9229865, 
sin 67°. 23'= -9230984. 

And hence, by the method explained in Art. 168, we find the 
value of A to be 67°. 22'. 48"-5. 

190. Again, to take the second case, suppose we have given 

c = 25, A = 6Q°, C=90*. 

Then - = sin A : 

c ' 
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" 25" 2 ' " 2~* 

- = 008-4: 

c ' 

•'' 25~~2 ; •"' 2 * 
Also, ^=180°-(1 + C f ) = 180°-150 (, = 30 . 



Examples. — XLIX. 

Solve the triangles referred to in the following examples by 
the use of natural sines, cosines, <fcc., C being a right angle. 

(1 ) Given 6 = 3, e = 5, sin 53°. 7' = -7998593, 

sin 53°. 8' = -8000338. 

(2) Given 6 = 15, c = 17, sin 28°. 4' = -4704986, 

sin 28°. 5'= -4707553. 

(3) Given 6 = 21, c - 29, sin 43°. 36' = -6896195, 
' sin43°. 37'= '6898302. 

(4) Given 6 = 7, c = 25, cos 73°. 44' = -2801083, 

cos 73°. 45'= -2798290. 

(5) Given 6 = 33, c = 65, cos 59°. 29' = -5077890, 

cos 59°. 30' = -5075384. 

(6) Given c = 13, A = 67°. 22'. 48"-5, sin 67°. 22' = -9229865, 

sin 67°. 23'= -9230984. 

(7) Given «-41, 4 = 77°. 19'. 10"-6, sin 77°. 19'= -9755985, 

sin 77°. 20'= -9756623. 

(8) Given e = 73, B = 48°. 53'. 1 &'-5 9 cos 48°. 53' = -6575944, 

cos 48°. 54'= -6573752. 
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(9) Given c = 89, B = 64 . 0'. 38"-8, cos 64° = -438371 1, 

cos 64°. 1'= -4381097. 

(10) Given a = 40, A = 77°. 19'. 10"-6, tan 77°. 19'= 4-4433769, 

tan 77°. 20'= 4-4494186. 

191. The process of solution by means of natural sines, co- 
sines, &c. can only be applied with, advantage to cases in which 
the measures of the sides are small numbers. 

We proceed to shew how the use of logarithmic calculations 
assists us in the solution of triangles. 

192. It must be observed that a formula is adapted to 
Logarithmic calculation only when it consists of the product or 
quotient of two or more numbers. 

For instance, we derive no advantage from logarithms in 
finding c from the equation c* = a* + b* 9 when a and b are given. 

But if a and c be given, we can apply logarithms with ad* 
vantage to find b from the equation 

b' = c 9 -a 9 ; 
for instance, if a = 644 and c — 725, 

b' = c*-a 9 

= (c + a) (c — a) 
= 1369x81; 

.-. log&* = log(1369x81); 

.-. 2 log b = log 1369 + log 81 

= 3-1364034 + 1-903090 
= 5-0394934 ; 

.-. log b = 2-5197467; 
.-. 6 = 333. 
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193. Let a=644, c = 725, (7=90°. 

We first find b = 333, as explained in the preceding Article. 

Then smA = - i > 

c 

.*. log sin A = log a — log <?. 

Now L sin 4 is the true log sin A increased by 10, Art. 167, 
hence we put here and in all similar cases L sin -4 — 10 in place 
of log sin A. 

Thus Zsin-4 — 10 = log a — logc, 

L sin A = 10 + 2-8088859 - 2*8603380 
= 9-9485479. 

Now from the tables 

L sin 62°. 39' = 9-9485189, 
L sin 62°. 40' = 9-9485842. 

Hence, by the method of Art. 1 68, we may find A = 62°. 39'. 27" 
nearly ; and therefore B = 27°. 20'. 33". 

Examples. — L. 

Solve the triangles referred to in the following Examples by 
Logarithmic calculations, G being a right angle : 

(1) Given a =104, c = 185, log a = 2-0170333, 

log c = 2-2671717, log 153 = 2-1846914, 
log 289 = 2-4608978, log 81 = 1-9084850, 
Zsin 34°. 12'= 9-7498007, L sin 34°. 13'= 9-7499866. 

(2) Given a = 304, c = 425, log a = 2-4828736, 

log c = 2-6283889, log 297 = 2-4727564, 
log 729 = 2-8627275, log 121 = 2-0827854, 

L sin 45°. 40 7 -: 9-8544799, Zsin 45° 41' = 9-8546033. 
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(3) Given a = 840, c = 841, log a = 2*9242793, 

log c= 2-9247960, log 41 = 1-6127839, 

log 1681 = 3-2255677, 
L sin 87°. 12' = 9-9994812, L sin 87°. 13' = 9-9994874. 

(4) Given > = 336, c = 625, log a = 2-5263393, 

log c = 2-7958800, log 527 = 2-7218106, 
log 961 = 2-9827234, log 289 = 2-4608978, 
L sin 32°. 31' = 9-7304148, L sin 32°. 32' = 97306129. 

(5) Given a = 1100, c= 1109, log a = 3-0413927, 

log c= 3-0449315, log 141 = 2-1492191, 
log 2209 = 3-3441957, log 3 = -4771213, 
L sin 82°. 41' = 9-9964493, L sin 82°. 42'= 9-9964655. 

(6) Given 6-195, c=773, log 6 = 2-2900346, 

logc = 2 ; 8881795, log 748 = 2-8739016, 
log 968 = 2-9858754, log 578= 2-7619278, 
Zcos75°. 23'= 9-4020048, L cos 75°. 24'= 9.4015201. 

(7) Given 6 = 273, c=785, log 6 = 2-4361626, 

log c = 2-8948697, log 736 = 2*8668778, 
log 1058 = 3-0244857, log 2 = -3010300, 
L cos 69°. 38'= 9-5416126, Zcos 69°. 39'= 9-5412721. 

(8) Given 6 = 609, c = 641, log 6 = 2-7846173, 

log c = 2-8068580, 
log 1250 = 3-0969100, log 2 = -3010300, 
Zcos 18°. 10'= 9-9777938, Zcos 18°. 11' = 9-9777523. 

(9) Given a = 276, 6 = 493, log a = 2-4409091, 

log 6 = 2-6928469, 
Z tan 29°. 14' = 9-7479125, Z tan 29°. 15' = 9-7482089. 
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(10) Given a = 396, 6 = 403, log a = 2-5976952, 
log b = 2-6053050, 
L tan 44°. 29'= 9-9921670, L tan 44°. 30' = 9-9924197. 

194. We shall now give a few Problems to illustrate the 
practical use of the methods of solution of triangles explained in 
this Chapter. 

Examples. — LI. 

(1) Having measured a distance of 220 feet in a direct hori- 
zontal line from the bottom of a steeple, the angle of elevation of 
its top was found to be 46°. 30'. Required the height of the 
steeple. 

Given log 220 = 2-3424227, log tan 46°. 30' = 10-0227500, 

log 2-31835 = -3651727. 

(2) A river AG whose breadth is 200 feet runs at the foot 
of a tower Cfl, which subtends an angle BAG of 25°. 10' at the 
edge of the bank. 

Required the height of the tower, given 

log 5 = -6989700, L tan 25°. 10'= 9*6719628, 
log 9397 =3-9729928. 

(3) A person on the top of a tower, whose height is 50 feet, 
observes the angles of depression of two objects on the horizontal 
plane which are in the same straight line with the tower to be 
30° and 45°. Find their distances from each other and from the 
observer. 

(4) At 140 feet from the base of a tower, and on a level with 
the base the angle of elevation of the top was found to be 54°. V. 
Find the height of the tower, having given 

tan54°. 7'= 1*399364. 



ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES. 161 



(5) A person observes the angle of elevation of a hill to be 
32°. 14', and on approaching 500 yards nearer, he observes it to 
be 63°. 26'. Find the height of the hill, having given 

tan 32°. 14' = -63, tan 63°. 2& = 1 -998. 

(6) A tower 150 feet high throws a shadow 75 feet long upon 
the horizontal plane on which it stands. Find the sun's altitude, 
having given log 2 = -3010300, f 

L tan 63°. 26' = 10*3009994, L tan 63°. 27' = 103013153. 

(7) A tower stands by a river. A person on the opposite 
bank finds its elevation to be 60° : he recedes 40 yards in a direct 
line from the tower, and then finds the elevation to be 50°. Find 
the breadth of the river, having given tan 50° =1*19. 

(8) A rope is fastened to the top of a building 60 feet high. 
The length of the rope is 109 feet. Find the angle at which it is 
inclined to the horizon. 

Given sin 33°. 23' = "5502, sin 33°. 24' = -55048. 

(9) A tower is 140 feet in height. At what angle must a 
rope be inclined to the horizon which reaches from the top of the 
tower to the ground, and is 222 feet in length % 

Given sin 39°. 18' = -6333809, sin 39°. 19'= 6336059. 

(10) A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55° with a line drawn from his eye parallel to the horizon ; 
receding backwards 30 feet, he then finds it to subtend an angle 
of 48°. Find the breadth of the river. 

Given L sin 7° = 9-08589, L sin 35° = 9-75859, 

L sin 48° =9:87107, log3 = -47712, log 1 -0493 = -02089. 

S. T. W 
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(11) Standing straight in front of the corner of a house 
which is 150 feet long, I observe that the length subtends an angle 

whose cosine is -j= , and its height subtends an angle whose sine 

v D 

3 

is -j= ; determine the height, 

v34 

(12) Standing straight in front of one corner of a house, I 
find that its length subtends an angle whose tangent is 2, while 

the house is 45 feet, find its length. 



CHAPTER XVI. 

ON THE SOLUTION OP TRIANGLES OTHEB THAN RIGHT-ANGLED. 

195. In the solution of triangles other than right-angled wa 
meet with four distinct oases, the following being the data, 

(1) The three sides a, b, c. 

(2) Two angles and a side, as Ay (7, b. 

(3) Two sides and the angle between them, as a, 6, C. 

(4) Two sides and an angle opposite one of them, as a, b 9 A m 

These cases we shall discuss in the four following articles. 

196. Case L When a, b 9 e are given, we have the formula 
established in Art. 176, 




cos A = — £=- f from which A can be found. 
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Or we can find A from the formula established in Art. 181, 

sin A = v- . tja . (* — a) (* - 6) (* - c). 

Then, — — 7 = - , from which G can be found, 
am A -a 

and .# = 180°- (A + (7), from which B can be found. 

197. Case II. When A> C, b are given. 

First, B = 180°-(A + C), from which we can find B. 

ft Oil") >J ' 

Next, r = ■ • n » from which we can find a. 
o sin B ' 

Lastly, t = •- r> > from which we can find c. 

198. Case III. When a, b, are given, we may take the 
formula established in Art. 176, 

c*z=a* + b* - 2ab • cos C, from which we can find c. 




Next, — — 77 = - , from which we can find A. 
sinC7 c ■ 

Lastly, B = 180° - (A + C), from which we can find B. 

Or we may proceed to find A and B before we find c, thus 
by the formula established in Art. 177, 

A A-B a-b C 

tan — ^— = — -=■ . cot -5. 
2 a + 6 2 
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Thus we can find A — B. 

And as we know that A + B = 180°- C, 

we shall have two equations by which we may determine A 
;tnd B. 

Then we can find c from the equation - = - — 7 . 

^ a smA 

199. Case IV. When a, b, A are given 





and 



-; — A ?= -., from which we have to determine B. 
sin 4 a 

If we can find B, we have 

C « 180°-(4 + £), from which we can find (7, 

c sin (7 



a sin 4. 



, from which we can find c. 



Thus the solution of this case depends on the possibility of 
determining B from the equation 

sinB b m 
sin A a * '* 

Now since we know a, b, A, we shall obtain from equation (1), 
sin B = a known numerical quantity (2). 

But, as has been explained in Art. 104, we cannot determine 
the value of B from a given value of sin 2?, unless we know 
whether B is greater or less than 90°, 
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The only way in which we can tell whether the greater or the 
smaller value of B which satisfies equation (2) is to be taken, is 
by knowing that a is greater than b. In that case A is also 
greater than B, and therefore B must be less than 90*, otherwise 
A + B would not be less than 180 , which is impossible. 

This, which is called The Ambiguous Case, may be illustrated 
in the following manner. 




If from C we can draw a line CD equal to CB, to meet AB 
produced on the side of B, both the triangles ABC, ADC have the 
given parts a, b, A. 

We can always draw CD = CB, so long as AC is greater than 
BC, for then a circle described with centre C and radius CB will 
cut AB produced in two points both on the same side of A. 

200. In the Examples which we have now to put before the 
student, we shall follow the order of our remarks on the methods 
of solution available, and take the four cases successively. 

201. Case L Given the three sides a, b, c. 

I j m £ 

The formula cos -4 = ^ is not adapted to logarithmic 

calculation, but for small values of a, 6, c we may use it to find A 
by aid of the table of natural cosines. 

Thus, if a= 6, b = 5, c = 10, 

. 25+100-36 bA 

And hence we find A = 27°. 7\ 36". 
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202. For logarithmic calculation we take the formula 
sm ^ = ft^«. (»-«)• {*-*>). {8-c), 



where $ = 



be 

a + b + c 



2 " 
Taking the same example, we have 

2 /2i 9~ TT 1 
8111 50V T X 2 X 2 X 2' 



. - 1 /2079 
^^-^ V ~16" ; 



.-. Z sin^L - 10 = logl -log 25 +^ (log 2079 -log 16) 

= - 1-3979400 + 1 (3-3178545 - 1-2041200) ; 

.-. Xsin^ = 10 -1-3979400 + 1-0568672 
= 9-6589272. 

And hence we find by the Tables A = 27°. 7'. 36". 

Examples. — LIL 

Find A from the following data : 

(1) Given a = 37, b = 13, c = 40, sin 67°. 22' = -9229865, 

sin 67°. 23' = -9230984. 

(2) Given a = 101, 6=29, c = 120, sin 43°. 36'= -6896195, 

sin 43 # . 37' =-6898302. 

(3) Given a = 37, b = 13, c = 30, log 145 = 2-1613680, 

log 324 = 2-5105450, 
L sin 112°. 36' = 9-9653006, L sin 112°. 37'= 9-9652480. 

(4) Given a = 409, 6 = 241, c = 600, log 723 = 2-8591383, 

log 93636 = 49714429, 
L sin 29°. 51' = 9-6969947, L sin 29°. 52'= 9*6972148. 



168 ELEMENTARY TRIGONOMETRY. 

203. When the sides are numbers containing several digits, 
we may employ with advantage the formula given in Art. 181 

2 V 8.(8 -a) ' 
from which we have 

A 1 

L tan -w- — 10 = 5 {log (a - b) + log (s — c) — log * — log (* — a)}, 

jB C 

and then we may find tan - Q - or tan— by means of the same 

logarithms, thus 

S 1 

Ztan-j- -10 = ~{log($-a) +log (s-c) — logs -log (*-&)}. 

For example, let a = 9459-31, b = 8032*29, e= 8242-58, 

Then s = 12867*09, s-a = 3407 78, 

8 -b = 8434-80, *-c = 4624-51. 

-4 1 

Ztan^-10 = 2{log(s-6) + log(«-c)-log*-log(s-a)} 

= 2 {3-6843785 + 3-6650657-4-1094804-3-5324716} 
= - -1462539 ; 

.-. Xtan^ =9-8537461. 

Whence ^ = 35'. 31'. 47"-7, 

and A = 71° 3'. 34". 

Similarly we may find B = 53°. 26' and (7= 55°. 30'. 24 /, -5. 

204. We Lave now discussed two of the formulae given under 
Case I., and there remains the third formula 

sin C _ c 
BmA~~a* 
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on which no comment is needed, except that expressed in logarithms 

it gives 

L sin C = L sin A + log c — log a, 

from which C may be determined. 

205. Case II. Here we ' have ho difficulty, and we shall 
merely give an example to illustrate the method of finding a from 
the formula 

t = - — jr , when b 9 A, B are known. 
o sin n 

Let b = 40, A - 12°. 40', B = 77°. 10'. 

Then log a = log b + L sin A-L sin B 

= 16020600 + 9-3409963 - 9-9890137 
= -9540426, 

whence a = 9 nearly. 

206. Case III. 

The first formula given, 

c* = a 9 + 6 s - 2a5 . cos C f 
is not adapted to logarithmic calculation. 

"We must take then, in all cases where a, 6, c are not small 
integers, the formula 

tan -2- == ^T6- COt 2' 
for finding the values of A and B. 

Suppose then we have given 

a =12-96, 5 = 9-78, C = 57°. 48'. 32", 
we proceed thus : 

a- 6 = 318, a + 6 = 22-74, | = 28°. 54'. 16". 

A — B C 

Then Z tan — 1 = log (a - b) - log (a + b) + Z cot ^ - 1 0, 
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L tan ^*L tog 3-18 - log 22*74 + L cot 28°. 54'. 16" 

= -5024271 - 1 -3567905 + 102579579 
= 9-4035945. 

Whence ^? = 14°. 12*. 46". 

Also ^? = 61°, 5'. 44" (the complement of ^\ ; 

.-. A = 75M8'. 30", 
£ = 46°. 52'. 58". 
The other formulae of this case require no special remark. 

207. - Case IY. The formulae are here simple, and we have 
only to give instances of cases (1) ambiguous, (2) in which no am- 
biguity exists. 

(1) To take a very simple case, suppose 

a = 5, 6 = 6, -4 = 30°. 

sinB b 
Then - — 7 = - : 

sini a 

. D b . . 6 1 6 
.-. sin B = - . sin A = -= x ~ = r-z- = -6. 
a 5 2 10 

Now from the tables we find -6 to be the value of the sine of 
36°. 52'. 12", and since 143°. 7'. 48" is the supplement of 36°. 52 / . 12", 
it also has *6 for the value of its sine. Thus there is an ambiguity 
in the result. 

Again, suppose a =178 3, 6 = 145, 5 = 41°. 10', 

Then sin A = t sin B ; 

.-. L sin A = log a - log 6 + L sin B 

= 2-2511513 - 2-1613680 + 9-8183919 
= 9-9081752. 

Hence A = 54°. 2'. 22" or 125°. 57'. 38". 
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(2) Now if we change the values of the sides a and 6 we 

shall get 

Zsin4 = 9-7286086; 

.\ A = 32°. 21'. 54", 

and the supplement of A cannot belong to the proposed triangle, 
because if A were 147°. 38'. 6", then, since B is greater than A, A 
and B would be together greater than 180°, which is impossible. 
So in this case there is no ambiguity. 

208. We shall here insert two examples, of some importance 
in the practical application of Trigonometry. 

(1) To find the height of an object standing on a horizontal 
plane, when the base of the object is inaccessible. 

G 




Let PQ be a tower, of which the base P is inaccessible. 
Measure a distance AB in the same horizontal plane with P. 
Observe the angles of elevation QBP and QAP. 
Then we can determine the height of the column, for 
QP=QB.smQBP, 

and QB = AB.^ QAB 



= AB. 



smBQA 
wlQAP 



mi(QBP-QAP)' 

sin GAP 
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(2) To. find the distance of a ship from the shore. 

8 




A. 

Let S be the position of the ship. 

Measure AB, a straight line between two points on the shore. 
Observe the angles SAB and SBA. 
Then we can determine the distance of S from A, for 

AS = AB.* hlSBA 



= AB.~: 



sin ASB 
sin SB A 



sin (180° -^S#) 
\naSBA 



~ am(SAB + SBA) 9 

209. The following are miscellaneous examples on the prin- 
ciples laid down in this Chapter. 

Examples. — LIII. 

(1) If 6 = 5780, c = 7639, B = 43°. 8', find A and C, having 

given 

log 185-9 = 2-26928, log 13-419 = M2772, 

L cot 21°. 34' = 10-40312, L tan 19°. 18'. 50"= 9-54468. 

(2) If A = 41°. 13'. 22", B = 71°. 19'. 5", a = 55, find 6, hav- 
ing given 

log 55 = 1-7403627, L sin B = 9-9764927, L sin -4 = 9-8188779, 

log 79-063 = 1-8979775. 
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(3) If B = 84°. 47'. 38", C = 41°. 10', c = 145, find &,* having 
given 

log 145 = 2-1613680, L sin 41°. 10 = 9-8183919, 

Zsin 84°. 47', 38"= 9-9982047, log 219*37 = 2-3411808. 

(4) If a = 567-2341, 6=351-9872, 5 = 31°. 27'. 18", find A, 
having given 

loga = 2-7537623, log b = 2-5465269, 

L sin £ = 9-7175280, L sin 57°. 14' = 9-9247349, 
Z sin 57°. 15'= 99248161. 

(5) Wishing to know the height of an inaccessible hill I took 
the angle of elevation of its top to be 60°, I then measured' 100 
feet away from the hill and found the angle of elevation to be 45°. 
What is the height of the hill % 

(6) Each of two ships, which are a mile apart, finds the an- 
gles subtended by the other ship and a fort to be respectively 
35°. 14' and 42°. 12'. Find the distance of each from the fort. Given 
sin 35°. 14'= -577, sin 42°. 12'= -671, sin 77°. 26^ -976, 

(7) Each of -two ships, half a mile apart, finds the angles sub- 
tended by the other ship and a, fort to be respectively 85°, 15' 
and 83°. 45'. Find the distance of each from the fort. Given 
sin 85°. 15' = -9965, sin 83°. 45' = -9940, sin 11° = -1908. 

(8) Find the angle which a flag-staff 5 yards long and stand- 
ing on the top of a tower two hundred yards high subtends at a 
point in the horizontal plane 100 yards from the base of the tower. 

Given tan 34'. 22"= -01. 

• 

(9) A flag-staff 20 feet high standa on a wall 40 feet high. 
At a point E on a level with the bottom of the wall the flag-staff 
subtends an angle of 10°. Find the distance of E from the wall. 

(10) On the bank of a river there is a column 200> feet high 
supporting a statue 30 feet high. The statue to an observer on 
the opposite bank subtends the same angle as a man 6 feet high 
standing at the base of the column. Find the breadth of the 
river. .',-,. 



»»«**^^*" 
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210. Up to this point we have supplied the student with all 
the materials required for the solution of each example. But as 
he ought to have some practice in making extracts from the tables 
we shall suppose him to be in possession of a set of tables, and we 
shall now give a series of examples by which he may test his 
ability to apply the formulae for the solution of Triangles. 

Examples. — LIV. 

(1) Given a=4, 6 = 3, (7=90°. 

(2) Given 6 = 55, c = 73, C = 90°. 

(3) Given a = 272,>6 -225, C=90°. 

(4) Given 6 = 399, e = 401, C = 90°. 

(5) Given c = 445, A = 10°. 52'. 50"-4, C - 90*. 

(6) Given c = 629, A = 46<\ 59'. 49^7, C = 90°. 

(7) Given c = 449, B = 51°. 25'. 1 1"'7, C = 90°. 

(8) Given c = 349, B = 58°. 57'. 6"'4, C = 90 f . 

(9) Given a = 520, A = 66°. 2'. 52", tf = 90°. 
(10) Given b = 31, A = 86°. 18'. 17", tf = 90\ 

Examples. — LT. 

Solve the triangles, not right-angled, for which the following 
parts are given : 

(1) a =197, 6 = 53, c = 240. 

(2) a =509, 6 = 221, c = 480. 

(3) a=533, 6 = 317, $=510. 

(4) *=565, 6 = 445, c = 606. 

(5) a = 409, 6 = 241, c = 182. 

(6) 4=29, -dl = 43 .36'.10"\L, (7= 124°. 58'. 33" A 

(7) 6 = 149, A = 69°. 59'. 2"-5, C = 70°. 42'. 30". 
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101, 6 = 29, C = 32°.10'.53"-8. 

401, 6 = 41, (7=96°. 57'.20"-l. 

221, 6 = 149, C = 30°. 40'. 35". 

109, 6=61, C=66°.59'.25"-4. 

445, 6 = 83, tf = 87°.55'. 

229, 6 = 109, C= 131°. 24'. 44". 

241, 6 = 169, C= 104°. 3'. 51", 

241, 6 = 169, C= 15°. 22'. 37". 

13, 6 = 37, A = 18°. 55'. 28"'7, find B. 

445, 6 = 565, A = 44°. 29'. 53", find B. 

212-5, 6 = 836-4, A = 14°. 24'. 25", find B. 

379-5, 6 = 564-8, 4 = 40°. 32'. 16", find B. 

9459-31, 6 = 8032-29, A = 71°. 3'. 34"-7, find B. 



(8) 


a 


(9) 


a 


(10) 


a 


(11) 


a 


(12) 


a 


(13) 


a 


(14) 


a 


(15) 


a 


(16) 


a 


(17) 


a 


(18) 


a 


(19) 


a 


(20) 


a 



CHAPTEE XVIL 



PROPOSITIONS RELATING TO THE AREAS OP TRIANGLES, POLYGONS 

AND CIRCLES. 



211. Expressions for the area of a triangle. 





The area of a triangle is equal to half the rectangle contained 
by one of the sides and the perpendicular drawn to meet that side 
from the opposite angle. 

Let ABC be the triangle, and as one of the angles A, B must 
be acute, let it be A, Draw a perpendicular from C to meet AB 
or AB produced in D. 

Then, area* of triangle ABC = ~ • && • CD 



= . AB. AC .tin A 



-cb.tmA; 
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that is, the area of a triangle is equal to half the product of two 
sides cmd the sine of the angle between them. 

Also, since sin A = =- . Js . (s — a) (s - b) (s - c) , by Art. 181, 

1.2 # 

area of triangle ABC = ^ co . j- . J s . (* — a) (* - b) (s - c) 



= Js.(s-a) (s-b)(s-c), 
which gives an expression for the area in terms of the sides. 
For this expression the symbol used is S. 



212. To find the area of a regular polygon in terms of Us 



side. 




Let EA, AB y BFbe three consecutive sides of a regular polygon 
of n sides and let each of them = a. 



Bisect ih& angles EAB, ABF by the lines OA, OB meeting 



in 0. 



Draw OR at right angles to AB. 
Now angle AOR = — ^— , 

and angle AOB = ~ (EucL L 15, Cor.) ; 



IT 



.». angle AOR = - ; % 
u ^ n 



8.K 



\X 
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Hence area of polygon = n times area of triangle AOB 

= n.AR.RO 

= n.AR.AR.cotAOR 
a a , 7r 

na* A it 

= -7- . cot - . 

213. To find the radius of a circle described about a triangle in 
terms of the sides of the triangle. 




Let be the centre of the circle described about the triangle 
ABC, and R its radius. 

Through draw the diameter CD and join BD. 

Then CBD, being the angle in a semicircle, is a right angle. 
And BBC - angle GAB in the same segment = A. 

Now ^2} = ^ B-DC* 

that is, 5-5 = sin -4 ; 

/. a = 2i?.siniij 

^s sin^A 
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But, by Art. 181, sin4 = r . S; 



be 



.\B = 



abc 



214. To find the radius of a, circle inscribed in a triangle in 
terms of the sides of the triangle. 




Let be the centre of the inscribed circle, and r its radius. 

Then S = area of ABC 

= area of BOG + area of GO A + area of AOB 



OD . BG OE 

2 + 


.AG 
2 


OF.AB 
V 2 

• 


ra rb re 

— + h — 

2 2 2 ■• 






a+b + o 






r - 2 






r«; 




*, 





\ r = 


S 

• — • 

8 



12— a 



180 
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215. To find the radii of the circles escribed, thai is which 
touch one of the sides of a triangle and the other sides produced. 

Let be the centre of the escribed circle that touches the side 
BC and the other sides produced, and let the radius of this circle 
be r x . 




Then quadrilateral AB0G= triangle AOC+ triangle AOB 
and quadrilateral ABOG = triangle ABC + triangle BOG ; 
.-. A0C+A0B=ABC+B0C, 

AC. OB AB.OF „ BG.OD 

.\ ^ + A = O + X 3 



•• "J IT 2 ' 



b + c — a 



-r^S, 



S 



.'. r, = 



'"•-a' 
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Similarly it may be shewn that if r s , r a are the radii of the 
circles touching AG and AB respectively, 



S 



r *~8-b' 



r 3 = 



& 



8-C 



216. To Jind the area of a regular polygon inscribed in a 
circle. 




Let be the centre of the- circle, r the radius of the circle, 
AB a side of the polygon. 

Join. OA, OB. 

Then area of polygon = n, times area of triangle A OB 



n.^AO.OB.miAOB, (Art. 211) 
2 



1 . 2ir 
»*~.r.r. sin — 

2 n 

«r* . 2ir 

—-.sin— . 

2 n 



I8£ 
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21T. To find Ae mm af a rwgtdar ptdygm 



JjetO be tie centre of the circle, r the radius, 47? a 
ifaxng polygon* 

Draw die radius 0£ at right angles to A3L 




Then, area, of polygon, = » times area of triangle ^l&ff 

= n.OR.AR 
= n.OR.ORisuLAOR 



= n.r~r. 



21& To find ike area «fm cbrdt- 
Taking the figure and notation of the preeedmg Articfe^ 
area of circamscribiiig polygon. = » times area of triangle ^i 05 

I 



% 



MB. OR 



= -ORxn.AB 

1 



= - OR x perimeter of polygon* 



Now if the number of aides of the polygon be indefinitely 
sad the length of cad aide TnA*6mk*$j> fRmfttSA^ ^ 
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■ ■ — ■ — ' i ■ . .* 

perimeter of the polygon coincides with the circumference of the 
circle, and the area of the polygon is the same as the area of the 
circle ; 

*\ area of circle = s OR x circumference of circle 



= T r x 2irr 

= iflr. 



219. To shew that if be the circular measure of a positive 
angle less than a right angle, sin0, 0, and tan are in ascending 
order of magnitude. 




Let Q be the centre of a circle, QE a radius cutting the chord 
PP at right angles, TT' a tangent to the circle at E, 

Let the circular measure of the angle EQP be & 

PM 



Then 



sin0 = 



= 



QP' 
PE 



tan0 = 



QP f 

TE TE 

QE'QP' 

Hence assuming that PE is greater than PM but less than TE, 
PM, PE t TE are in ascending order of magnitude. 

Therefore sin 0, 0, tan $ are in ascending order of magnitude. 
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220. To shew that when is indefinitely, diminished 





tinO 



= 1. 



Since sin 0, 0, tan are in ascending order of magnitude, 
sin 0, 0, — £ are in ascending order of magnitude. 

Divide each by sin 9 then 

1 

J, - — -x , j. are in ascending order of magnitude : 

sin0 cos0 ° ° ' 

lies between 1 and 



sin cos * 

Now when = 0, cos = 1, 

1 

and therefore — ^ = 1 ; , 



COS0 



therefore when = 0> 



• =i. 



sin0 



Examples. — LVL 

1. The angle included between two sides of a triangle whose 
lengths are 10 inches and 12 inches is 60°: find the area of the 
triangle. 

2. Two sides of a triangle are 40 and 60 feet, and they con- 
tain an angle of 30° : find the area of the triangle. 

3. What is the area, of a triangle whose base is 4 feet, and 
altitude 1^ yards? 

4. What is the area of a triangle whose sides #re 5, 6, 5 
inches respectively ? 
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5. If a = 625, &= 505, c = 904> what is the measure of the 
area of the triangle? 

6. If a = 409, 6 =; 169, c= 510, what is the measure of the 
area of the triangle 1 

7. If a= 577,. &= 73> e = 520> what k the measure of the 
area of the triangle I 

8. In a right-angled triangle area =8.(8 — c), C being the 
right angle, 

9- If a = 52-53, 5 = 48-76*, c = 4498, log 146-27 = 2-1 651553, 
log 56-31 = 1-7505855, log 48-75 = 1-6879746, 
log 41-21 = 1-6150026, log 2 = -3010300, 
log 1-0169487 = -0072990, find the measure of area. 

10. The sides of a triangle are in arithmetical progression, 
and its area is to that of an equilateral triangle of the same peri- 
meter as 3 : 5. Shew that its largest angle is 60°. 

11. In the rectangular sheet of paper A BCD, the angular 
point A is turned down so as to lie in the side CD T while the 
crease of the paper passes through the angular point B ; shew that 
the area of the part turned down ia 

)- t BC{AB- l J(AB , -BC T )}. 

12. Shew that the area of a triangle 

_ a* . sin B . sin O 
2am(£ + C) ' 

13. In any triangle the area 

. A . B . G f a § V <? \ 

= sin— .sin^ain^ f- — 7 +> -v— 5 + -^—^ ) . 
2 2 2 \aLnA sin if am (7/ 
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14. If the radius of the inscribed circle be equal to half that 
of the circumscribed circle, the triangle is equilateral 

15. In any triangle 

,. N A . B-C 

(o — c) cos -jr = a . sin — ^— . 

16. If the points of contact of a triangle inscribed in a circle 
with the sides be joined, shew that the area of the triangle so 
formed 

= A*i{(,-a)(.-&)(,-c)}». 

17. The diagonals of a quadrilateral are in length a, b re- 
spectively, and intersect at an angle A. Shew that its area 

= ^ ab sin A. 

18.. The area of any triangle 

a 9 — b* sin A . sin B 
~~~2~ '~sin(4-£) ' 

19. In an isosceles right-angled triangle, shew that the radius 
of one of the equal escribed circles is equal to the radius of the 
circumscribed circle. 

20. In any right-angled triangle, G being the right angle, 



cot(£-^)+<x>t2^+^)=0. 



21. The area of any triangle 



2abc ABC 



. cos — . COS — . COS tt . 



a+b+c 2 a 2 

22. In any isosceles triangle, C being the vertical angle, 

area x 32 cos 4 — = sin 2 A (2a + c)\ 

23. The length of a perpendicular from A to BO 

ysinff + c'sinff 
"~ b + c 
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24. Taking the notation adopted in this Chapter, prove the 
following relations : 

cot •— + cot — 
A *A 

22? . sin it . sin ^ B . sin «r 
(2) r ji L.. 

cos^i 

(3) ri= r^r^- 

tan- -Many , 

(4) r 1 =±42?.sin-£-cos^-.cos^. 

AAA 

(5) r 1 + r a + r 8 = 2?(3 + cos.4 + co82? + cos (7). 

(6) 2? + r = i? (cos-i + cos B + cos Cj. 

25. Shew that the area of a regular polygon' inscribed in a 
circle is a mean proportional between the areas of an inscribed 
and a circumscribed regular polygon of half the number of 
sides. 

26. The distances between the centre of the inscribed and 
those of the escribed circles of a triangle ABO are 

ABC 

47?. sin-, 42? sin — , 42? sin j^-, 
A A A 

R being the radius of the circumscribing circle. 

27. The points at which the lines bisecting the angles 
A y B, C of a triangle cut the opposite sides are joined. Shew that 
the area of the triangle so formed bears to that of the triangle 

ABC the ratio 

. A . B . C 
2 sin — sin -^ sin. -^ 

A Z 2t 



B-G C-A A-B' 
cos — — .cos — - — .cos — s — 
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28. If r, , r %y r 9 be the radii of the escribed circles and * the 
semi-perimeter of the triangle, shew that 

^Vi + Vi + Vi- 

29. Prove that the lines drawn from the centres of the in- 
scribed to those of the escribed circles are each equal to twice the 
radius of the circumscribed circle. 

30. Shew that the distances from the centre of the inscribed 

circle to the centres of the escribed circles are respectively 

equal to 

a b e 

— 7' — 2' — £ # 

<**2 COB 2 co& 2 

31. r is the radius of a circle inscribed in a triangle ABC; 

shew that 

ABC 
a=r cosec -% cosec -^ cosec ^ . 

32. If By. r be the radii of the circles described about and 
inscribed in the triangle ABC, and 8 the semi-perimeter of the 
triangle, prove that 

± A ^ B ^ C 8 AJ> /1 1 1\ 
tan^ + tan^ + tan - Z r + - = 4/c ( -+ T + -J. 
2 2 2 r \a b ej 





ANSWERS. 

I. {Page 2.) 


i 


(1) 54. 


(2) 26. (3) 4 inches. 


(4) 5 inches, 


(5) 3 inches. 


(6) 5 inches. (7) 6 . 

• * 

II. (Page 3.) 


» £• 



(1) 45 yds. (2) 10 ft. (3) 255 yds. (4) 360-5.. .yds. 
(5) 163-25 yds. nearly. (6) 12 ft, 16 ft. (8) 42 ft,, 30 ft. 

(9) 6J2 ft. (10) Scinches. (11) 625 J2 ft. 
(12) 13^/3. (13) 10^/3. (14) ' 12 inches. 
(15) 38 inches. (16) 634 ft. 

< « 

IIL (Page 9.) 

(1) lfiyfl. (2) 86-35227 ft. (3) 25-f 14285 miles. 

(4) 7954^ miles. (5) 2775834 J miles. (6) 1089 1| miles. 

(7)6ft.6|in. (8) 47ift. (9) 5^ft ; 

(10) *®f 2 ft. (11) 12 « miles. (12) 22§m*». » 
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(1) 24-26805. 
(4) -09*1. 



(1) 25-1425. 
(4) -150745. 



IV. (Page 14.) 

(2) 3704527. 

(5) 375-06. 

V. (Page 15.) 

(2) 38-0415. 

(5) 425-130554. 

VI. (Page 20.) 



(3) 1750038. 
(6) 78-202. 



(3) 214-0307. 
(6) 2020222. 



(1) 30«. 29M9"-75... (2) 174«.52\ 12"-96... (3) 45\ 

(4) 21*. 11\ 66"-6. (5) 159". 5\ 55*-5. (6) 3K 11\ ir-i. 
(7) 11". 58\ 89*-3. (8) 30». 70\ 74M. (9) 333*. 62\ 90 w -l. 
(10) 469«.2\53 w -3... 

VIL (Page 21.) 
(1) 17°. 30'. 48"-78. (2) lll°.38'.44"-592. 

(3) 26°. 46'. 30". (4) 13°. ZV. 4"-86. (5) 138°. 39'. 54"-576. 
(6) 38°. 42'. (7) 34°. 50'. 27". (8) 45°. 41'. 33". 

(9) 153°. 34'. 16". (10) 291°. 43'. 30". 



VIII. (Page 22.) 



(5) 



(1) Z- 



T' 



(6) 



( 2 > g- 

1453^ 
10800 * 



(3) £• 



(7) 



16 

143b- 
270 * 



<*> %• 



(8) 



2719* 
40500 



(9) 'each. 



(io) ;. ;. ;. 
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IX. (Page 22.) 


• 


(1) 90°. (2) 


60°. (3) 45°. (4) 30°. 


(5) 120", 


(6) — degrees. 


(7) — degrees. (8) — 


degrees. 


(9) — degrees. 


(10) f d.^. 




• 


X. (Page 23.) 


* 


(1) j- (2) 


J- < 3 > 5- w t- 


(*> t- 


(6) -0652525ir. 


(7) -120751075m (8) 


•6250065ir. 


(9) -000157T. 


(10) -0000025*-. 





XL (Page 23.) 

(1) 66-6 grades, (2) 40* (3) 33-3 grades. 

(4) 133-3 grades. (5) 120*. (6) ^grades. 

(7) — grades. (8) — grades. (9) grades. 

IT IT IT 



„ m 460 , 
(10) grades. 



XH (Page 23.) 



(1) 45. (2) 4-25 degrees. (3) 3 g , | , | . 

(8) 90°, 60°, 30°; 100», 66 1" , 33^. (9) 3-14159. 

(10) 36°, 54\ 90°; 40«, 60», 100'; £, —,-. 
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1° 800 

(11) 173^ . (12) 125-925*. (14) ^grades. . 

(15) 700 : 11. (16) ~ th of a degree. " (17) -1775. 

(18) 35°. 6'. 38"-88. (19) 20* degrees. (20) ^j^tlipart 

< 21 > w m> £• < 22 > hit- < 23 > 4^ 

(24) JL. (25) 67 j , 180°, (» . 180 + 16)» ; ^ , * f iw + jj . 

(26) 1-9°. (27) ^:. (29) 120', 108°. (30) 120*, 150*. 

(31) J, £. (33) »-£. (34) »£**. 

(35) 20«, 60«, 100'. (36) i^. (37) 1<00 ^ 36 °° grades. 

(38) 54°. 46'. 54"-5. (39) l 3 ^ miles. (40) 8 and 4. 



XIII. (Page 36.) 

.52) .42) BD . AD BD AB BD^ CD DB 
*>' AB' AB' AD'' AB' AD' AD ; BG ' BO' DC 

. . OR PR P#. OR QR OR QO RO QO 
W OP' OP' OR'' OQ' OQ' QR ; OR' QR' QR' 



XIV. (Page 474 

(1) 2^2- <2) ^1. (3) 4' W ^ 3 ' W VW& 

XV. (Page SO.) I 

(1) 346-4 feet. <2)' 247-48 feet (3) 60°. (4) 173^2 feet. 
(5) 464-34 feat <6) £1-3 feet (7) 42«25 v ft. above the towtor. ' 



■", 
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(8) 72 feet (9) 150 feet. (10) 25°. (11) 139-5 feet, 

(12) 125 yards. (13) 92 ~ feet. (14) 42 feet (15) 8-053 feet 



XYIL (Page 58.) 



(1) sin A = ,Jl — coa a A } tan.4= — ^ , sec.4 = -, 

COS xL COS xL 

A 1 , . cos-4 

cosec-4 =- 7 =^==, cot A= . = r 

a/I -cos* -4 j/l-cosM 

/o\ • i 1 j */cosecM — 1 , 1 

(2) sin4 = j,cos-4=^ 3 — iflTi >f = 

cosed' cosecJ. ,/cosec^-l 

. cosec-4 , . t =-3 — - 

860.4=—. , cot-dzs^/cosecM-1. 

,^/cosec* A — 1 

(3) rin ^ 8 ^ 1 , <**^ = ^, tan ^ = J^A^l, 

. sec A , , 1 

cosecd=— j===, cot4 = .i 

JawfA - 1 ^/sec'J. - 1 

/>«\ • i 1 ^ c *^ ,i 1 

(4) 8111-4 = —===, cos4 = -7 , tanJ. = — — r , 

Jl + caPA V 1 * 00 ^ ^^ 

>i /i I5T >i JT+cotfA 

cosec -4 = ^ 1 + cot A, sec.4 = ^ — -—. . 

^ cot A 

XVIII. (Page 59.) 

W a > ^5- W g> 4 - W 4 ' 77* 

a t. "V^ 
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w 6 ' ^(1-6*)' ™' g» 3- 

(1Q\ -J- 9 /in ^ 403 ^ i03 

K ' 2J14' 2714* *"' ~32~' ~9~' 

^549 ^549 ... 20 20 

I - ' "93"' 90~' { ' IoT' 99' 

(14) 10T 20* ^ 13' 12" 

In Ex. xix (13) for sin* 6 read sec* J. 

XX. (Page 63.) 

1. (1) 65°. 45'. 18*. (2) 46°. 57'. 3". (3) 25°. 59'. 46". 
(4) 7". 55'. 45". (5) -(35". 15'. 42"). (6) - (88*. 27'. 34*). 
(7) -105". (8) -164°. (9) 115°. (10). 335°. 

2. (1) 67". 76\ 78". (2) 4'.96\25". (3) 53'.99\16 w . 
(4) 97'.94\96*. (5) - (35*. 2\ 5"). (6) -(69«.0\3 W ). 
(7) -143". (8) -257". (9) 135". (10) 345« 

3 - « j. (2) I (3) -J. (4) £. (5) £. 



XXI. (Page 66.) 

1. (1) 145°. 47'. 11". (2) 47°. 35'. 13". (3) 33°. 59'. 19". 
(4) 151*. 44'. 66". (5) 1". (6) 79°. 10'. 7". 
(7) -65*. (8) - (257". 3'. 4"). (9) 229°. (10) 535°. 

2. (1) 67'.67\58 w . (2) 4f.VT.4ST. (3) 196'.2\2'Y 
(4) 134*. 87\ 92". (5) 45'. 96\ 94*. (6) 25'. 99\ 96". 
(7) -75". (8) -(327'.2\ir). (9) 235*. (10) 526'. 
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3. 


w!- 


(2) £. (3) J, (4) 5=. 


<P) T' 


4. 


IT. 


XXni. (Page 70.) 






w i- ■ 


(2) -\- (3) -Jj. 


< 4 > -72- 




&l- 


(6)-f- (7)-^. 


< 8 > "f • 




(9) -^3. 


(10) -4- (11) v/2. 


(12) -^3. 



XXIY. (Page 73.) 

(1) -45°. (2) 45°. (3) 8 . (4) 90°. 

'(5) 0°or60°. (6) 30°. (7) 30"\ (8) 45*. 

(9) 30°. (10) 60°. (11) 30° or 60°. (12) 30° or 601 

(13) 45°. (14) 45°. (15) 45°. (16) 45°. 

(17) 135°. (18) 45°. (19) 30° or 90°. (20) 45°. 



(1 

(« 

(» 
(13 

(17 



(21 
(25 





XXV. 


(Page 79.) 




</3 
2 ' 


(2) 


1 

r 


W- ji- 


<*> "^2- 


1 


(6) 


J* 
2 ' 


< 7 > "£' 


(«) -£• 


-n/3. 


(10) 


2 
n/3' 


(11) V2. 


(12) -^3. 


i 

2* 


(1*) 


2 
J*' 


(15) 1. 


(16) ^- 


1 

V2- 


(18) 


J3 

2 ' 


(19) 0. 


(20) 1. 


-2. 

f ft 


(22) 


1 

-s/3- 


(23) 1. 


W -J 3 . 


n/3 
2 ' 


(26) 


1. 


(27) -J*. 


(28) -1. 
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XXVI. (Page 80.) 
(1) «,r + (-l)\^ (2) 2nv. (3) *ir + (-l)\J. 

(4) wtt + |. (5) nw + (-l) n ^. (6) furor Sim- *?. 

(7) nir+(-l)«.j. (8) 22 U r*jar2w.i s ^ 
(9) tmt + *. (10) 2nir±? 

* 

In Ex. XXVII. for sin'a - sin a /S read sin^ - sin'o. 

XXVTH (Page 86.) 
m J 5 + 2 n/ 8 / 5 v 8J7-9J5I 

/m J 3 " 1 m n/ 3 + J 899 

W 2^/2 • {) 60 ' 

XXX. (Page 87.) 

(1) 45*. (2) 0°, (3) 105*. (4) 30°. (5) 45°. 
(6) 60°. 

XXXII. (Page 91.) 

(1) 2ooB 5 (a + J-^ainj(a-g+^. 

(2) 2 sin - (w + a- 0) . cos (a). 

(3) 2 sin - - . cos fa — j J , 

(4) 2cosjsin(a-jY (6) 2 sin 25°. cos 5°. 
(6) 2 cos 15°. sin 5°. (7) 2 sin ^ cos ^ 

/o\ n 19lT • *" 

(8) 2 008-^.^-. 
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XXXV. <Page 103.) 
2. 

(1) 6 = 45" or - 15°. (2) 6 = 301 (3) * = 0° or 7$°. 

(4) fl=15 a or30°. (5) ^ = 30°. (6) 0=15°. 

(7) = 18" or 54°. (8) a = ,30". (9) 0=18°, 234°. 

(10) a = 15°, 60". (11) 0=|. (12) tf = or30°. 



XXXVL (Page 104.) 
(1) \j(l0-2j5). (2) \<l + */*)• (3) -(1 + ^5). 
(4) \j(\0 -V5). (5) jV(10 + 2,y5). 

(6) ^±^5). (7) ; L (8) a 



XXXVIL (Page 108.) 
. J A 



(1) Bin-^+ooa ^ = + yl+sin-4; 

sin — -cos -^ = «- vl-ainA 

i ^ .I_ '. 

(2) sin- +cos^=-vl + sinJl; 

sin 7T - oob 5- = + VI -sin J- 
2 25 

(3) cos 189° = - j {n/5-n/5 + n/3W5J ; 
sin 189* = j UlT^S- ViWl] ♦ 
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• XXXTX. (Page 118.) 


• 


(i) 


1-2187180. (2) 7-7074922. (3) 


2-4036784. 


(4) 


4-740378. (5) 2824059. (6) 


3-724833. 


(7) 


5*790163. (8) 40-578098. (9) 


62-9905319. 


(10) 

• 


2-1241803. (11) 3-738827. (12) 

XL. (Page 121.) 


T-61514132. 


P) 


21072100; 2-0969100; 3-3979400. 




(2) 


1-6989700; -2-3010300; 2-2922560. 




(3) 


•7781513; 1-4313639; 1-7323939; 27604226. 


<*) 


1-7781513; -1-5228787; -0211893; - 


4-3645161. 


(5) 


-3-1249387; 1-4983106. 


- 


<*> 


•3010300; -11938200; -2916000. 




(?) 


•6989700; - -9030900; 3-391073. 




(8) 
(9) 


-2, 0, 2:1, 0, -1. 

(1) 3. (2) 2. (10) * = ?, 


3 

y=2- 


(11) 


(a) -3010300; 1-3979400; 1-9201233. 


a 



(12) 

(13) 
(14) 



(b) 103. (e) 176 ...years. 

(a) -6989700; -6020600; 1-7118072; - -0119382. 
(6) 8. (c) 23-4 ... years. 

3-8821260; -1-5906306; -2-2544674. 



(1) *-i 



(2) * = 2. 1 (3)*= 



logro 




(6)* = 



log a + log 6 * 

] Qgc ^ 5 v ^ = - 41og6 + logc 

wloga + 21og6" * '••* 21ogc + log6 — 31oga 

log c 



log a + m log 6 + 3 log c * 
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XLI. (Page 126.) 






. W 


4-7201798. 


(2) 2-477736. 


(3) 

* 


1-5054974. 


<*) 


2-3740194. 


(5) 1-8293175. 


(6) 


3-8653133. 


(7) 


6-8190944 


(8) 3-5324.716. 


(9) 


5-5921479. 


(10) 


•4119438. 


XLTT. (Page 128.) 


• 


• 


(1) 


12954-8. 


(2) 4624-51. 


(3) 


345-7291. 


W 


393756-9. 


(5) 3715-9523. 


(6) 


'109646152. 


(7) 


•00000025725987. 


(8) 


601-9541. 


(9) 


1090-529. 

• 


(10) 262-0188. 
XLin. (Page 181.) 




• .' 


(1) 


•672367. 


(2) -9523071. 


(3) 


•8151278. 


(4) 


•999000. 


(5) -6850417. 


(6) 


•752140. 


(7) 


•024003. 


(8) 1-399364. 


(9) 


•9230769. 


(10) 


•82702. 


• 




* 



XLTV*. (Page 134.) 
(1) 48*. 46'. 34". (2) 2°. 33'. 45". 
(4) 32°. 31'. 13"-5. (5) 24'. 11'. 22" -3. 
(7) 53*. 7'. 48"-4. (8) 25°. 3'. 27". 
(10) 77". 19'. 20". 



(3) ' 43". 14'. 
(6) 82°. 22'. 18"-7. 
(9) 73°. 44'. 23"-3. 



(1) 9-9163315. 
(4) 9-9091760. 

(7) 11-1975677. 
(10) 8-281485. . 



XLV. (Page 137.) 

(2) 9-6912284. 

(5) 9-7203472. 

. (8) 9-8027682. 



(3) 9*996023. 
(6) 8-9610073. 
(9) 9-9745378. 
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XLYL (Page 139.) 

(1) 14*. 24'. 85*. (2) 54*. Wl 19". (5) 71*. 40'. 18*. 

(4) 29*. 25'. 2*. (5) 30\50'.27' , -6. (6) 86*. 32'. 24"-5. 

(7) SCtfliS". (8) 11»39'.52". (9) 4V>.9y.ll". 
(10) 29*. 54'. 29"-7. 

XT.TX. (Page 156.) 

(1) a = 4, A m 53».r. 48"-4, ^ = 36*. 52*. ll*-6. 

(2) a = 8, 4 = 28*. 4'. 20*-9, J » 61". 55'. 39*1. 

(3) a = 20, A = 43\ 36". 10**1, .B - 46*. 23'. 49*-9. 

(4) a = 24, A m 73*. 44'. 23*3, B = 16». 15'. 36"-7. 

(5) a = 56, A = 59*. 29^ 23"-2, B = 30». 30'. 36"-8. 

(6) a = 12, & = 5, B = 22*. 37'. ll"-5. 

(7) a = 40, b = 9, -B = 12*. 40\ 49*-4. 

(8) a = 48, & = 55, A = 41". e*. 43"-5. 

(9) a = 80, b = 39, -1 = 25* 59'. 21"-2. 
(10) b - 9, c - 41, B = 12* 40'. 49"'4. 

L. (Page 158.) 

(1) i-153, •1 = 34°. 12'.19"-6, B=WA7.W-l. 

(2) b = 297, A = 45*. 40'. 2"-3, B= 44". 19'. 57"-7. 

(3) b - 41, 4 = 87* 12'. 20"-3, 5 = 2". 47'. 39"7. 

(4) £ . 527, A = 32\ 31' . 13"-5, B = 57*. 28'. 46"-5. 

(5) ft-Ul, 4= 82*. 41'. 44", B = 7". 18'. 6*1 

(6) a = 748, A - 75». 23'. 18"-5, B = 14°. 36' . 41" -5. 
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(7) a = 736, A = 69°, 38'. 56"-3, B = 20*. 21'. 3"7, 

(8) a *= 200, ^ = 18°, 10'. 50", B = 71°. 49'. 10". 

(9) c = 565, ^ = 29°. 14'. 30"-3, B = 60°. 45'. 29"»7. 
(10) c = 565, ^ = 44°. 29', 53", B = 45°, 30' . 7". 

LI. (Page 160.) 

(1) 231-835 feet, (2) 93-97 feet. 

(3) 36-6. ..feet; 70-7. ..feet; 100 feet. (4) 196 feet nearly. 
(5) 460 yds. nearly. (6) 63°. 26'. 6". (7) 88 yds. nearly. 

(8) 33°. 23'. 54"-6, (6) 39°. 18'. 27"-5. (10) 104-93 feet. 
(11) 45 feet (12) 150 feet. 

LII. (Page 167.) 

(1) 67°. 22'. 48"-5. (2) 43°. 36'. 10"-l v 

(3) 112°.36'.ll"-5. (4) 29°. 51'. 46". 

LIH. (Page 172.) 

(1) ^ = 87°. 44'. 50", C= 49°. 7'. 10". (2) 6 = 79-063. 

(3) h = 21937. (4) 57°. 14'. 21" or 122°. 45'. 39". • 

(5) 222 feet nearly. (6) 1210 yds, 1037-5 yd**!' \" 

(7) 4584 yds, 4596 yds. (8) 34'. 22"-64. 

(9) 85-28 ft. or 28-14 ft. (10) 107 feet nearly. v ' 

LIV. (Page 174.) 

(1) c = 5, A = 53«. 7'. 48"-4, B = 36°. 52*. ll"-6. 

(2) a m 48, A = 41*. 6'. 43"-5, B = 48*. 53'. 1 6"-5. 
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(3) c = 353, A = 50". 24'. 8"1, B = 39°. 35'. 51"-9. 

(4) a = 40, A = 5°. 43'. 29"-3, B = 84°. 16'. 30" 7. 

(5) a = 84, 6 = 437, £ = 79°. 7'. 9"-6. 

(6) a = 460, b = 429, B = 43°. 0'. 10"-3. 

(7) a = 280, 6 = 351, A = 38°. 34'. 48"-3. 

(8) a = 180, b = 299, ^ = 31°. 2'. 53"-6. 

(9) b = 231, c = 569, B = 23°. 57'. 8"-l. 
(10) a = 480, c = 481, 5 = 3°. 41'. 42"-8. 

LV. (Page 174.) 

1) A = 31°. 53'. 26"-8, £ = 8°. 10'. 16"-4, C= 139°. 56'. 1C-8. 

2) .4 = 84 .32'.50"-5, B = 25°. 36'. 30"-7, C=69°. 50'. 38"-8. 

3) .4 = 76°. 18'. 52", £ = 35°.18'.0"-9, tf= 68°. 23'. 7"-l. 

4) ^ = 62°. 51'. 32"-9, £ = 44°. 29'. 53", C= 72°. 22'. 34"-l. 

5) A = 150°. 8'. 14", B= 17°. 3'. 41"-5, (7= 12°. 48'. 4"-5. 

6) a = 101, c = 120, £ = 11°. 25'. 16"-3. 

7) a = 221, c = 222, £ = 39°. 18'. 27"'5. 

8) c = 78, ^ = 136°. 23'. 49"-9, B = 11°. 25'.16"-3. 

9) c = 408, A = 77°. 19'. 10"-6, B = 5°. 43'. 20"-3. 

(10) c = 120, ^ = 110°. 0'. 57"-5, B = 39°. 18'. 27"5. 

(11) c = 102, A = 79°. 36'. 40", B = 33°. 23'. 54"-6. 

(12) c = 450, ^ = 81°. 12'. 9"-3, B = 10°. 52'. 50"-4. 

(13) c = 312, ^ = 33°. 23'. 54"-6, B = 15°. 11'. 21"-4. 

(14) c = 328, 4 = 45°. 14'. 23", J? = 29°. 51'. 46". 
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(15) c = 90, A = 134°. 45'. 37", £ = 29°. 51'. 4G". 

(16) 5 = 67°. 22'. 48"-5 or 112°. 37'. ll"-5. 

(17) B = 62°. 51'. 32"9 or 117°. 8'. 27"'l. 

(18) B = 78°. 22'. 32"-3 or 101°. 37'. 27"-7. 

(19) £=75°. 18'. 28"-l or 104°. 41'. 31"-9. 

(20) 5 = 53°. 26'. 0"-6. 

LVL (Page 184.) 

1. 30 ^3 sq. in. 2. 600 sq. ft. 3. 7J sq. ft. 

4. 12sq.in. 5. 151872. 6. 30600. 

7. 12480. 9. 1016-9487. 
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-^ Plain and Short History of England 

for Children : in Letters from a Father to his Son. With a 
Set of Questions at the end of each Letter. 
By George Davyi, D.D., formerly Bishop of Peterborough. 
New Edition. i8mo. is. 6d. 

This little Work relates the leading and interesting language, well adapted 
events of English History in simple to young children. 

Also an Edition with Twelve Coloured Illustrations. 
Square crown 8vo. 3s. 6a*. 

A Practical Introduction to English 

Prose Composition : an English Grammar for Classical Schools ; 
with Questions, and a Course of Exercises. 
By Thomas Kerchever Arnold, M. A. 

Eighth Edition. i2mo. 4s. 6d. 

The object of this work is to ground but to change one kind of construction 

boys so thoroughly in the English Verb, into another equivalent one, which will 

especially in the Participles, Auxili- give him a mastery over the idioms 

anes, and Participial Substantive, that and laws of construction of his own 

they may not fall into the usual errors language, and aid him in the acquisition 

in translation. In the exercises the of others, 
pupil learns not merely to correct errors, 

ICoirtron, &xfort, an* Camftrfrge 
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Henry's First Latin Book. 

By Thomas Kerchever Arnold, M. A. 
Twentieth Edition, 1 2mo. 3X. Tutor's Key, is. 

A Second Latin Book, and Practiced 

Grammar ; intended as a Sequel to Henry's First Latin Book. 
By Thomas Kerchever Arnold, M. A. 

Tenth Edition. i2mo. 4s. Tutor's Key, 2s. 

A Copious and Critical English-Latin 

Lexicon, founded on the German-Latin Dictionary of Dr. 
Charles Ernest Georges. 
By T. K. Arnold, M. A., and J. X. Kiddle, M.A. 
New Edition. 8vo. 21;. 

Riddle and Arnold's English-Latin 

Dictionary, for the use of Schools ; being an Abridgment of 

Riddle and Arnold's Copious and Critical English-Latin 

Lexicon. 

By the Rev. J. C. Ebden, late Fellow and Tutor of Trinity 

Hall, Cambridge. 

Post 8vo. p. 6d. 

The Greek Testament. 

With a Critically revised Text ; a Digest of Various Readings ; 
Marginal References to Verbal and Idiomatic Usage ; Prolego- 
mena; and a Critical and Exegetical Commentary. For the 
use of Theological Students and Ministers. 
By Henry Alford, D.D., Dean of Canterbury. 

4 Vols. 8va I02J. 

The Volumes are sold separately, as follows :— 
VoL I.— The Four Gospels. Sixth Edition, a&r. 
Vol. II.— Acts to II. Corinthians, Fifth Edition. 241*. 
Vol. III.-Galatians to Philemon. Fourth Edition. i&. 
Vol. IV.— -Hebrews to Revelation. Third Edition. 32s. 
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Dean Alford's Greek Testament. 

With English Notes, intended for the Upper Forms of Schools, 
and for Pass-men at the Universities. 

Abridged by Bradley H. Alford, M.A., Vicar of Leaven- 
heath, Colchester ; late Scholar of Trinity College, Cambridge. 

Crowii'Svo. iox. &/« 



The volume consists of the revised 
text printed from the latest editions of 
the larger work. In cases where two 
readings seem of equal authority, the 
alternative text is presented beneath. 
The notes are faithful abridgments^ of 
those in the larger edition, presenting 
the results there arrived at, and sup- 
porting them by short proofs. Especial 
care has been taken to mark the se- 
quence of thought from chapter to 



chapter, and in the more closely rea- 
soned portions from verse to verse. 
Additional grammatical notes will be 
found, adapted to the use of younger 
Students, and accompanied by refe- 
rences to the usages of the Septuagint 
version and the rules of Donaldson's 
Greek Grammar. 

The whole, is prefaced by concise 
notices of the authorship, object, and 
date of each book. 



A Treatise on Elementary Algebra, 

for the Use of Colleges and Schools. 
By Jsme» Hamblin Smith, M. A. , Gonville and Caii» College, 
Cambridge. 

New Edition. Crown 8vo. 6s. 6d. 

A Treatise on Elementary Trigo- 

nometry. 
By the same Author. 

New Edition. Crown 8vo. \s. 6d. 

A Treatise on Elementary Statics. 

By the same Author. 

Royal 8vo. 5^. 6d. 

A Treatise on Elementary Hydro- 

statics. 
By the same Author. 

New Edition. Crown 8vo.. {In the Press,) 



l$(tf) Street, $xfort; ftrinitp Strut, GTamfcrtojc 

a 2 



Uttirfngton'ft School ant! College Xi*t 



«< > 



Aristophanis Comoediae. 

Edited by W. C. Green, M.A., late Fellow of King's Col- 
lege, Cambridge ; Classical Lecturer at Queens' College* 

Crown 8vo. 

Part I. — The Acharnians and the Knights. 4s. 
Part II.— The Clouds. $s. 6d. 
Part III.— The Wasps. 3s. 6d. 

An Edition revised, and especially prepared for Schools, is just ready „ 

by a table of readings of Dindorf and 
Meineke, which will_be of great service 
to students who wish to indulge in 
verbal criticism. The notes are copious 
and lucid, and the volume will be found 
useful for school and college purposes, 
and admirably adapted for private 
reading. " — Examiner: 

"Mr. Green furnishes an excellent 
Introduction to^ 'The Clouds' of Aris- 
tophanes, explaining the circumstances 
under which it was produced, and ably 
discussing the probable object of the 
author in writing it, which he con- 
siders to have been to put down die 
Sophists, a class whom Aristophanes 
thought dangerous to the morals of 
the community, and therefore carica- 
tured in the person of Socrates. — 
not unnaturally, though irreverently, 
choosing him as their representative." 
— Athetueum* 



The advantages conferred on the 
learner by these compendious aids can 
only be properly estimated by those 
who had experience of the mode of 
study years ago. The translated pas- 
sages and the notes, while sufficient 
to assist die willing learner, cannot be 
regarded in any sense as a cram." — 
Clerical Journal. 

" Mr. Green has discharged his part 
of the work with uncommon skill and 
ability. The notes show a thorough 
study of the two Plays, an indepen- 
dent judgment in the interpretation of 
the poet, and a wealth of illustration, 
from which the Editor draws whenever 
it is necessary." — Museum. 

" Mr. Green's admirable Introduc- 
tion to 'The Clouds' of the celebrated 
comic poet deserves a careful perusal, 
as it contains an accurate analysis and 
many original comments on this re- 
markable play. The text is prefaced 
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A new Translation, mainly from the Text of Bekker. "With 
an Introduction, a Marginal Analysis, and Explanatory Notes. 
Designed for the use of Students in the Universities. 

By the Rev. D. P. Chase, M.A., Fellow of Oriel College, 
Oxford, and Principal of St. Mary Hall. 

Third Edition, revised. Crown 8vo. &r. 
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Household Theology: a Handbook of 

Religious Information respecting the Holy Bible, the Prayer 
Book, the Church, the Ministry, Divine Worship, the Creeds, 
&c. &c. 
By John Henry Blunt, M.A. 

Third Edition. Foolscap 8vo. 3x. 6d. 

The Cambridge Greek and English 

Testament, in Parallel Columns on the same page. 

Edited by J. Schdlefleld, M.A., late Regius Professor of 
Greek in the University. 

Fourth Edition, Small 8vo. Js, 6d. 

The Cambridge Greek Testament. 

Ex editione Stephani tertia, 1550. 

Small 8 vo. 3s. Cd. 

Cicero, with English Notes from the 

best and most recent sources. 
Edited by Thomas Xerchever Arnold, M.A. 

i2mo. 
Part I. — Selected Orations. Third Edition. 4s. 
Part II. — Selected Epistles. $s. 
Part III. — The Tusculan Disputations. Second Edition. 

$s. 6d. 
Part IV. — De Finibus Malorum et Bonorum. (On the 

Supreme Good.) $s. 6d. 
Part V. — Cato Major, sive De Senectute Dialogus. 2s. 6d. 

The object of this Series is to give cult passages, and give such explana- 

the pupil sufficient help, but not too tions of ancient laws and customs as 

much: the notes, which are mostly may enable the pupil to understand 

taken from the best German editions, the allusions of the author, 
render assistance in all the really diffi- 

3$tgl> Street, ©rforDr; ftrimtn Street, Cambridge 
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Cicero de Officiis. Libri Tres. IVith 

Introduction, Analysis, and Commentary. 

Edited for the Syndics of the University Press. By the 
Rev. Hubert Holden, LL.D., late Fellow and Head Master 
of Ipswich School, Classical Lecturer of Trinity College, 
Cambridge. 
Second Edition, much enlarged and improved. Post 8vo. Js. 6d. 

Ciceronis Oratio pro Tito Annio Mi- 

lone. With a Translation of Asconius', Introduction, Marginal 
Analysis, and English Notes. 

Edited for the Syndics of the University Press, Cambridge. 
By the Rev. John Smith Purton, late President and Tutor of 
St. Catharine's College. 

Second Edition, Post 8vo. $s. 6d. 

Ciceronis Orationes. 

Edited by Charles Edward Graves, M.A., Classical Lecturer 
and late Fellow of St. John's College, Cambridge. 

Part I. —Pro P. Sextio. 
Crown 8vo. {In preparation.) 

Ovidi Tristia. 

Edited by Oscar Browning, M.A., Fellow of King's College, 
Cambridge ; and Assistant Master at Eton College. 
Crown 8vo. {In preparation,) 



Cornelius Nepos. Part L JVith 

Critical Questions and Answers, and an Imitative Exercise on 
each Chapter. 
By Thomas Kerenersr Arnold, M. A. 

Fifth Edition, 1 2mo. 4r. 
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The Greek Testament. 

With Notes and Introductions. 

By Car. Wwdiworth, D.D., Bishop of Lincoln; formerly 
Canon of Westminster, and Archdeacon. 

2 Vols. ImpL 8vo. 4/. 

The Parts may be had separately, as follows : — 
The Gospels, 6th Edition, 21s. 
The Acts, $th Edition, 10s. 6d. 
St. Paul's Epistles, $th Edition, 31s. 6d. 
General Epistles, Revelation, and Indexes, 3rd Edition, 21& 

A Complete Greek and English 

Lexicon for the Poems of Homer, and the Homeridse; illus- 
trating the Domestic, Religious, Political, and Military Con- 
dition of the Heroic Age, and explaining the most difficult 
Passages. 

By G. Ch„ Cnuinj . Translated from the German, with Cor- 
rections and Additions, by Henry fimith, Professor of Lan- 
guages in Marietta College. Revised and edited by Thomas 
Xerchever Arnold, M. A. 

Third Edition, i2mo. gs. 

Classical Examination Papers. 

Edited, with Notes and References. By P. J. F. Gsntillon, 
M.A., sometime Scholar of St. John's College, Cambridge, 
Classical Master in Cheltenham College. 

Crown Svo. (In ike press.) 

Demosthenes. 

Edited from the best Text, with copious English Notes and 
Grammatical References. 
By Thomas Kerehover Arnold, M. A. 

The (Hynthiac Orations. Third Edition. 3s. 
The Philippic Orations. Third Edition. 4s. 
The Oration on the Crown. Second Edition. 4s. 6dL 
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DemostJienis Orationes Publicae. 

Edited by 0. B^HMt*, M.A-, late Fellow and Assistant 
Tutor of Queen's College, Oxford. Head Master of St. Bees. 

Crown 8vo. 



Parts I. & II.— The Orjnthiacs and the 
Part IIL— De Falsa Legatione. (/* 



4S.&L 



> 



'* The usual introduction has in this 
been dispensed with- Therc*der 
is leJ e ii e d to the works of Grate and 
ThirhraD for inibnnation on such points 
of history as arise oat of these famous 
orations, and on points of 
scholarship to 'Madras 
where that is available, while copious 
acknowledgments are made to those 
commentators on whose works Mr. 
Heslop has based Ins own. Mr. Hes- 
lop's editions are, how e v er, no mere 
compilations. That the points required 
In an oratorical style differ materially 
irom those in an historical style, wiO 
scarcely be questioned, and accordingly 
we find that Mr. Heslop has given 



to those characteristics of 
style as weD as of language, which 

die 



** The notes are thoroughly good. 
Mr. Heslop has carefolry^ digested die 
best foreign commentaries, and Ins 
notes are for die most part 
»«t r»fK from ***— — * * Mf~»* * 

"Th e anno tations 
to he com mended for the 
of superfluous matter than for die ex- 
cellence of what is supplied. Well- 
known works are not quoted, hut 
sunply referred to, and mfotnmtion 
winch ought to have been previously 
acquired is omitted.'* — Atknmmm, s 




Eclogce Ovidiance, with English Notes. 

Part I. ; from the Elegiac Poems. 
By Thomas Karehsrer Arnold, M. A. 

Eleventh Edition* i2mo. u. &£ 



This work is taken from the Latein- 
isches Elemeutarbuch of Professors 
Jacobs and Doering, and contains some 
choice selections from Ovid's Elegiac 
Poems. The notes, mostly taken from 
the German edition, and from Keight- 
ley*s Fasti, explain the Historical and 
Mythological allusions, construction, 
&c,-and point out any peculiarities in 
the structure of the verses. There is 
added a useful table of the declension 



of Greek Nouns, and rules for the 
formation of Patronymics. 

The great object of the notes is to 
teach a boy to construe not only cor- 
rectly, but idiomatically, and by at- 
tending to the differences betwee n 
the Latin and Engtiwi modes of ex- 
pressing^ the same thought^ to gain an 
insight into the construction of both 
languages. 
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Eclogce Ovidiance, Part II. ; contain- 

ing Selections from the Metamorphoses, with English Notes. 
By the same Editor. • 

i2mo. $s. 

Doderleiris Handbook of Latin Syno- 

nymes, Translated from the German, by H. H. Arnold, £. A. 
Tnird Edition. i2mo. 4s. 

A Collection of English Exercises. 

Translated from the Writings of Cicero, for School-boys to 
re-translate into Latin, and adapted to the principal Rules in 
the Eton Syntax. 

By William Ellis, M.A. Revised and improved by T. X. 
Arnold, M.A. 

New Edition. i2mo. 3J. 6d. Key, i2mo. ,v. 

A Collection of English Exercises. 

Translated from the Writings of Cicero, for School-boys to 
re-translate into Latin. 

By William Ellis, M.A. ; re-arranged and adapted to the 
Rules of the Public School Latin Primer, by John T.White, D.D. 
i2mo. 3s. 6d. Key, i2mo. 3s. 

Flosculi Cheltonienses : a Selection from 

the Cheltenham College Prize Poems, 1846— - 1866. 

Edited by C. S. Jerram, M. A., Trinity College, Oxford, and 
Theodore W. James, M.A., Pembroke College, Oxford* 

Crown 8vo. gs. 

Artis Logicce Rudiment a ; from the 

Text of Aldrich, with Notes and Marginal References. 
By the Rev. H. L. Mansel, D.D., Dean of St. Paul's. 
Fourth Edition, corrected and enlarged. 8vo. ior. 6d. 

Tkitf) Street, $xfott; ftrinitD Street, ©ambrtogc 
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Greek Lexicon ; founded on a work prepared by J. W. 

dorff; Ph. ,Dr., late Professor of Modem Languages, Queen's 

College, Belfast. 

Revised, Enlarged, and Improved by the late Thomas Xer- 
chever Arnold, M.A., formerly Fellow of Trimity College, 
Cambridge, and Henry Browne, M. A., Vicar of Pevensey, and 
Prebendary of Chichester. 

Fourth Edition. 8vo. 21s. 



EXTRACT FROM PREFACE TO THE FIRST EDITION. 



This Lexicon, projected by the late 
Thomas Kerchevbr Arnold, in con- 
junction with Dr. Fradersdorff, has 
occupied not less than seven years in 
its preparation, and more than "four 
in its progress through the press. 
* * * The materials collected from 
Rost have been collated with the 
German-Greek Lexicon of Dr. Joh. 
Franz (1838, 2 vols. 8vo, 1419 and 
1185 columns), and the present Lexi- 
con has profited by the very great 
improvements, in copiousness of matter, 
critical accuracy, and scientific method, 
by which the work of that eminent 
scholar and accomplished writer and 
speaker of Greek is distinguished from 
that of his predecessor. The more 
compendious manual of Dr. W. Pape 
(1845, 8vo, pp. 818), based on the works 
of Rost and Franz { and on his own 
Greek-German Lexicon, has been also 
-used with advantage. Andthe French- 
Greek Dictionary of M. Ozaneaux 
(1847, 8vo, pp. XS04) has been emi- 
nently serviceable, especially in those 
parts of our vocabulary and phrase- 
ology which are common to us with the 
French. The earlier work of MM. 
Alexandre, Planche, and Defaucon- 
pret, which is the French-Greek Dic- 
tionary " authorized by the Council of 
Public Instruction," had passed through 
several editions before that of 1849, pp. 
997 ; it is, howe v er , by no means equal 
to that of M. Ozaneaux. and little use 
has been made of it in these pages. 
To the materials obtained from the 



sources which have been indicated, 
much has been added from collections, 
made for the purposes of this work by 
the present Editor, as also from good 
English translations of the classical 
authors, and, above alL from die Greek- 
English Lexicon of Liddkll and 
Scott, to which indeed he has so 
constantly referred, that, besides the 
check upon renderings derived through 
the German or French, the present 
volume, it is hoped, wiH serve as a 
tolerably complete Index to that in- 
valuable work, and, in fact, may be 
said to be based upon it at least as 
much as upon the foreign lexicons 
which have been mentioned. 

It remains^ to be observed, that 
numerous articles have been written 
quite independently of works already 
in existence. This has been done, 
frequently, in those words of most 
common use and extensive signification 
in which the characteristic idioms of 
our language are most ■conspicuous ; 
always, in the so-called " relational" 
or ■*' form-words," whether verbs auxi- 
liary of tense and mood, -orpronouns 
and pronominal words, conjunctions, 
negative and other adverbial particles, 
and prepositions. If in some of these 
articles the length to which they have 
been carried may seem more suitable 
to a Grammar or Manual of Greek 
Composition than to a Lexicon, the 
Writer can only plead his desire to 
make this work as fractiadly useful 
as possible. 



3, SOatcrlao ^jUace, $aU JSUdl, XwHron 



l&ftrittgtmi'ft Sk}ooI oto <£oUe$e %i%t 



ii 



The First French Book; 

on the plan of " Henry's First Latin Book.' 
By Thomas Kerchever Arnold, M. A. 

Sixth Edition. i2mo, $s. €d. Key, 2s. 6d. 



>» 



This work (on the same plan as to gain a fair knowledge of the idioms 

Henry's First Latin Book) is at once of the language, and acquires an exten- 

a Grammar, Exercise, and Construing sive Vocabulary. 
Book : the pupil is led by easy steps 



A First Verse Book ; being an Easy 

Introduction to the Mechanism of the Latin Hexameter and 
Pentameter. 
By Thomas Kercbever Arnold, M. A. 

Ninth Edition* i2mo. 2s. Tutor's Key, is. 



This Work, which is both a Verse 
Book and also a short but complete 
Prosody* is intended to make the pupil 
thoroughly acquainted with the rules 
for Hexameters and Pentameters, 
which are required before be can 
compose from English words. Each. 
Exercise is preceded by a lesson con- 



taining rules and verses to be imitated. 
The great advantage of the book is 
that the verses are not nonsense, but 
have been carefully selected so that 
they can be construed by the pupil, 
who thus learns from the first to avoid 
mixing the words of different sentences. 



A First Verse Book, Part II. ; 

containing Additional Exercises in Hexameters and Penta* 
meters* 

By the same Author. 

Third Edition, rzmo. is. 



Prolegomena Logica : An Inquiry into 

the Psychological Character of Logical Processes. 
By the Rev. H. L. Hansel, D.D. Dean of St. Pauls. 
Second Edition, corrected and enlarged, 8vo. ior. 6d. 
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The First German Book; 

on the plan of "Henry's First Latin Book," and the "First 
French Book." 

By Thomas Xerchever Arnold, M. A., and J. W.7radersdorfr; 
Ph. Dr. of the Taylor Institution, Oxford. 

Sixth Edition. i2mo. 5*. &/. The Key, is. 6d. 



Arithmetic, Theoretical and Practical. 

By W. H. Girdleitone, M. A., of Christ's College, Cambridge, 

Principal of the Theological College, Gloucester. 
Second Edition, revised and enlarged 
Crown 8vo. 6>. fid. 
Also a School Edition. Small 8vo. 3J. 6d. 



"We may congratulate Mr. Gir- 
dlestone on having produced a tho- 
roughly philosophical book on this 
most useful subject. It appears to 
be especially suited for older stu- 
dents, who, having been taught imper- 
fectly and irrationally in the earlier 
part of their school career, desire to 
go over the whole ground again from 
the beginning ; but in the hands of an 
intelligent and discriminating teacher 
it may also be perfectly adapted to 
the comprehension of young boys." — 
Times. 

"This work might be well termed 
a compendious system of Arithmetic ; 
that is, one, the operations of which 
are effected by the shortest of methods; 
but these methods are not those which 
have been taught by the generality of 
our schools. Such a system, however, 
implies a thorough comprehension and 
application of the powers of numbers 
and their component parts. Thus the 
author's results are obtained by pro- 
cesses marvellously less than those 
usually employed. _ The author is no 
less happy in dealing with fractions, 
both vulgar and decimal, and conducts 
his pupil in the same stvle through all 
the branches of his subject, including 



the square and cube roots. . . Through- 
out his progress, the author is careful 
to explain his reasonings to the pupil, 
providing him with detailed examples 
in each branch as he proceeds, and 
leaving him with a selection of them 
for his exercise as he concludes it; 
completing the whole with a tolerable 
collection from the Examination Papers 
of our Universities and Civil Service 
Commissions, along with an Appendix 
containing answers to the whole. We 
must content ourselves with this brief 
general notice of the work, which we 
consider one of the highest order of 
its kind, far, very far superior to those 
of former days. Assuredly, if brevity 
(as it is considered) be the soul of wit, 
so must it be that of Arithmetic, when 
its object is equally attained by it, as 
by a roundabout method ; and on this 
account alone it commends itself to the 
attention of the rising generation, who 
might go to work with it in self- 
instruction without the superintendence 
of a teacher. But with or without such 
assistance, the eleve who masters the 
contents of the work before us in all 
its parts may well be considered a 
finished accountant" — Nautical Ma- 
gazine. 



3, ORattrloo 3Plact, ^all JSTall, Xoiftott 



IM&fagton's Sfdjool antr College Xi»t 13 

A Manual of Confirmation; com- 

prising — i. A General Account of the Ordinance. 2. The 
Baptismal Vow, and the English Order of Confirmation, with 
Short Notes, Critical and Devotional. 3. Meditations and 
Prayers on Passages of Holy Scripture, in connexion with the 
Ordinance. With a Pastoral Letter instructing Catechumens 
how to prepare themselves for their first Communion. 
By Edward Meyriek Ctoulburn, D.D., Dean of Norwich. 
Seventh Edition. Small 8vo. is. 6d. 

Demosthenis Orationes Privatae. 

Edited by Arthur Holmes, M. A., Fellow and Lecturer of 
Clare College, Cambridge. 
Crown 8vo. 
Part I. — De CoronS. {Nearly ready.) 

Theophrasti Characteres. 

Edited by A. Pretor, M.A., of Trinity College, Cambridge; 
Classical Lecturer of Trinity Hall. 

Crown 8vo. {In the press.) 

The First Greek Book; 

on the plan of " Henry's First Latin Book." 
By Thomas Kerchever Arnold, M. A. 
Fifth Edition. i2mo. 5-r. Tutor's Key, is. 6d. 

This is at once an easy Grammar, are gradually introduced into the Ies- 

Construing, and Exercise Book. Each sons, so that the pupil is accustomed 

lesson is followed by a Vocabulary and from the very beginning to write Greek 

Exercises for translation into English words with their proper accents, 
and Greek. The rules for accentuation 

The Second Greek Book ; 

on the same plan as "The First Greek Book." 
By the same Author. 
Second Edition. i2mo. $s. 6d. Tutor's Key, 2j» 
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^ O^ Primer far the use of Schools ~ 

By the Rev. Charles H. Hole, M.A-, Scholar of Worcester 
College,. Oxford; late Assistant Master at King Edward's 
School, Bromsgrove. 

Crown 8vo. 4s. 



Herodoti Historia . 

Edited by H. G. Woods, M. A., Fellow and Tutor of Trinity 
College, Oxford. 

Crown 8vo. (In preparation. ) 



A Complete Edition of Homer's Iliad, 

from the best Text, with copious English Notes, and Gram- 
matical References. 
By Thomas Kerohovtr Arnold, M. A. 

Third Edition. i2mo. ixr., half-bound. 

In this Edition the argument of each ties of form, of the adjectives with two 

book is broken into short parts, which forms, of the Homeric adverbs and 

are inserted in the text before each adverbial phrases, and explanations of 

paragraph, in order to give the student Homeric words by Butfmann, are given 

an idea of what follows. ^ Lists of the in the- form of appendices. 
Homeric substantives with peculiari- 



Gradus ad Pamassum Novus ; or, 

Poetical Dictionary of the Latin Language. Founded on the 
Thesaurus Poeticus of Quicherat. 

Edited by Thomas Kerchever Arnold, M.A. 
8vo. 1 oj. 6d. f half-bound. 

The Gradus Novus contains : — 1. A separate Notice of each 
meaning of the Word treated, a. A careful Selection of 
Synonymes, or, Quasi- Synonymes, under each meaning. 3. A 
careful Selection of Appropriate Epithets and Phrases. 
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The Iliad of Homer y from a carefully 

corrected Text ; with copious English Notes. 

By the Rev. William Trollope, M. A., of Pembroke College, 
Cambridge ; and formerly one of the Masters of Christ's 
Hospital. 

Sixth Edition. 8vo. 15*. 

The Iliad of Homer r from the Text of 

Dindorf. With Preface and Notes. 
ByS. H. Beynolds, M.A., Fellow and Tutor of Brasenose 
College, Oxford. 

Books I. to XIL 
Crown 8vo. 6s. 

Horati Opera. 

Edited by J. M. Marrtall, M. A., Fellow and late Lecturer 
of Brasenose College, Oxford. One of the Masters in Clifton 
College. 

Crown 8vo.. {In preparation. ) 

The First Italian Book ; 

on the plan of " Henry's First Latin Book." 

By Signer Piffcri, Professor of Italian, and Hainan W. 
Turner, M. A., Head Master of the Royal Institution School,. 
Liverpool. 

iamo. $s. 6a*. Key, u. (*L 

Professor Inmaris Nautical Tables t 

for the use of British Seamen. 

New Edition, by the Rev. J. W. InsMOK, late Fellow of St 
John's College, Cambridge, and Head Master of Chudleigji 
Grammar School. Revised, and enlarged by the introduction 
of Tables of \ log. haversines, log. differences, &c. ; with a 
more compendious method of Working a Lunar, and a Catalogue 
of Latitudes and Longitudes of Places on the Seaboard* 

Royal 8vo. i6>. 
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Isocratis Orationes. 

Edited by John Edwin Sandys, B.A., Fellow and Lecturer 
of St. John's College, and Lecturer at Jesus College, Cam- 
bridge. 

Part L Ad Demonicum et Panegyricus. 
Crown 8vo. 4s. 6d. 



*' This is one of the most excellent 
Works of that excellent series, the 
Catena Classicorum. Isocrates has 
not received the attention to which 
the simplicity of his style and the 
purity of his Attic language entitle 
him as a means of education. Now 
that we have so admirable an edition 
of two of his Works best adapted for 
such a purpose, there will no longer 
be any excuse for this neglect. For 
carefulness and thoroughness of edit- 
ing, it will bear comparison with the 
best, whether English or foreign. Be- 
sides an ample supply of exhaustive 
notes of rare excellence, we find in it 
valuable remarks on the style of Isoc- 
rates and the state of the text, a table 
of various readings, a list of editions, 
and a special introduction to each piece. 
As in other editions of this series, short 
summaries of the argument are inserted 
in suitable places, and will be found of 
great service to the student. The com- 
mentary embraces explanations of diffi- 
cult passages, with instructive remarks 
on grammatical usages, and the deriva- 
tion and meanings of words illustrated 
by quotations and references. Occa- 
sionally the student's attention is called 
to the moral sentiment expressed or 
implied in the text. With all this 
abundance of annotation, founded on a 
diligent study of the best and latest 
authorities, there is no excess of matter 
and no waste of words. The elegance 
of the exterior is in harmony with the 
intrinsic worth of the volume." — Athe- 
fueum. 



"This Work deserves the warmest 
welcome for several reasons. In the 
first place, it is an attempt to introduce 
Isocrates into our schools, and this 
attempt deserves encouragement. The 
Ad Demonicum is very easy Greek. 
It is good Greek. And it is reading 
of a healthy nature for boys. The 
practical wisdom of the Greeks is in 
many respects fitted to the capacities 
of boys ; and if books containing this 
wisdom are read in schools, along with 
others of a historical and poetical 
nature, they will be felt to be far from 
dry. Then the Editor has done every 
thing that an editor should do. We 
have a series of short introductory 
essays; on the style of Isocrates, on 
the text, on the Ad Demonicum, and 
on the Panegyricus. These are cha- 
racterized by sound sense, wide and 
thorough learning, and the capability 
of presenting thoughts clearly and 
welL M — Museum. 

" By editing Isocrates Mr. Sandys 
does good service to students and 
teachers of Greek Prose. He places 
in our hands in a convenient form an 
author who will be found of great 
use in public schools, where he has 
been hitherto almost unknown. . . . 
Mr. Sandys worthily sustains as a 
commentator the name which he has 
already won. The historical notes 
are good, clear, and concise; the 
gra mm a ti cal notes scholar-like and 
practically useful. Many will be wel- 
come alike to master and pupiL" — Cam- 
bridge University Gazette. 
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A Practical Introduction to Latin 

Prose Composition : Part I. 
By Thomas Kerchever Arnold, M. A. * 

Fifteenth Edition, 8vo. 6r. 6d. Tutoi^s Key, u. 6d. 



In this Work the rules for the 
government and arrangement of words, 
and the Idioms of the Latin language 
are given in short lessons, and illus- 
trated by examples from the best 
authors: the exercises that follow, 
are so arranged, that the rules are im- 
pressed on the memory by very fre- 



quent repetition. Much attention has 
been paid to Synonymes and to the 
use of the Subjunctive. Throughout 
the book one object is steadily kept 
in view, that of making the general 
construction of sentences of more im- 
portance than the mere government 
of cases. 



The Formation of Tenses in the Greek 

Verb ; showing the Rules by which every Tense is Formed from 
the pure stem of the Verb, and the necessary changes before 
each Termination. 
By C.S. Jerram, M.A., late Scholar of Trinity College, Oxon. 

Crown 8vo. is. 6d. 

Latin vid English; being the Second 

Part of Spelling turned Etymology. 

By Thomas Kerchever Arnold, M.A., late Rector of Lyndon, 
and formerly Fellow of Trinity College, Cambridge. 
Fourth Edition. i2mo. 4s. 6d. 

Private Devotions for School-boys ; 

together with some Rules of Conduct given by a Father to 
his Son, on his going to School. 

By William Henry, third Lord Lyttelton ; revised and cor- 
rected by his Son, fourth Lord Lyttelton. 

Sixth Edition. 321T10. 6d. 

Martialis Epigrammata. 

Edited by George Bntler, M.A., Principal of Liverpool 
College ; late Fellow of Exeter College, Oxford. 
Crown 8vo. (In preparation. ) 
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Pearson's Exposition of the Creed. 

Edited by Temple Chevallier, B.D., Professor of Mathematics 
in the University of Durham, and late Fellow and Tutor of 
St. Catherine's College, Cambridge. 

Second Edition. 8vo. ios* 6d. 



Persii Satirae. 

Edited by A. Pretor, M. A., of Trinity College, Cambridge, 
Classical Lecturer of Trinity Hall, Composition Lecturer of the 
Perse Grammar School, Cambridge. 

Crown 8vo. 31. 6d. 



" This is one of the ablest editions 
published in the Catena Classicorum 
under the superintendence of Mr. 
Holmes and Mr. Bigg. Mr. Pretor 
has adopted in his edition apian which 
he defends on a general principle, but 
which has really its true defence in the 

Piecial peculiarities of his author. Mr. 
retor has given his readers trans- 
lations of almost all the difficult pas- 
sages. We think he has .done so wisely 
in this case ; for the allusions and con- 
structions are so obscure that help is 
absolutely necessary. He has also 
been particularly full in his notes. He 
has thought and written with great 
independence. He has used every 
means to get at the meaning of his 
author. He has gone to many sources 
for illustration. And altogether he has 
produced what we may fairly^ regard 
as the best edition of Persius in Eng- 
lish." — Museum. 

"In undertaking to edit for the 
Catena Classicorum an author so 
obsure as Persius confessedly is { Mr. 
Pretor has boldly grappled with a 
most difficult task. He nas, however, 
performed it very well, because he has 
begun, as his Introduction shows, by 
making himself thoroughly acquainted 
with the mind and temper — a suffi- 
ciently cynical one— of the poet, and 
thus laying a good basis for his judg- 
ment on the conflicting opinions and 



varying interpretations of previous 
editors. The bulk of his commentary 
is from Jahn ; and if we were disposed 
to object, we should say that some por- 
tion of the matter he nas transferred 
to his pages might as well have been 
omitted. To explain Persius satis- 
factorily, i. e. to make him really 
intelligible, it is necessary rather to 
keep before the reader the thread of 
the story, and to point out the less 
obvious, because purposely obscured, 
allusions and the sudden changes of 
the characters in the dialogues, than 
to dwell too much on the explanation 
of the words. If the satires of Persius 
are difficult, they are also very short ; 
and the more a commentary can be 
kept within reasonable limits, the more 
willing students will try to master the 
matter. All that can be required by 
the student of Persius, including an 
elaborate introduction, a preliminary 
exposition of each satire, and a very 
copious index verborum, is now com- 
pressed in a volume of less than 150 
pages. It is a most useful book, and 
will be welcome in proportion as such 
an edition was really very much 
wanted. The good sense and sound 
judgment shown by the editor on con- 
troverted points give promise of ex- 
cellent literary work in future under- 
takings of the like kind." — Cambridge 
University Gazette, 
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Sophoclis Tragoediae. 

Edited by B. a Jebb, M.A., Fellow and Assistant Tutor of 
Trinity College, Cambridge. 

Crown 8va 
Part I. The Electra. y. 6d. Part II. The Ajax. 3J. 6d. 



"We have no hesitation in saying 
that in style and manner Mr. J ebb's 
notes are admirably suited for their 
purpose. The explanations of gram- 
matical points are singularly lucid, the 
parallel passages generally well chosen, 
the translations Dright and graceful, 
the analysis of arguments terse and 
luminous. Mr. Jebb has clearly shown 
that he possesses some of the qualities 
most essential for a commentator." — 
Spectator. 

"The notes appear to us exactly 
suited to assist boys of the Upper 
Forms -at Schools, and University stu- 
dents ; -they give sufficient help without 

over-doing explanations His 

critical remarks show exact and acute 
scholarship, and a very useful addition 
to ordinary notes is the scheme of 
metres in the choruses." — Guardian. 

"We have seen it suggested that it is 
unsafe to pronounce on the merits of 
a Greek play edited for educational 
purposes until it has been tested in 
the hands of pupils and tutors. But 
our examination of the instalment 
of 'Sophocles,' which Mr. Jebb has 
put forth, has assured us < that this 
is a needless suspension of judgment, 
and prompted us to aommmit the 
justifiable -rashness of pronouncing 
upon its contents, and of asserting after 
due perusal that it is calculated to be 
admirably serviceable to every class 
of scholars and learners. And this 
assertion is based upon the fact that 
it is a by no means one-sided edition, 
and that it looks as with the hundred 
eyes of Argus, here, there, and every 
where, to keep the reader from -stray- 
ing. In a concise and succinct style 
ofEnglish annotation, forming the best 
substitute for the time-honoured Latin 
notes which had so much to do with 
making good scholars in days of yore, 
Mr. Jebb keeps a steady eye for .all 
questions of grammar, construction, 



scholarship, and philology, and handles 
these as they arise with a helpful and 
suffi ci ent prec i sion. In matters of gram- 
mar and syntax his practice for the 
most part is to refer his reader to the 
proper section of Madvig's ' Manual of 
Greek Syntax ? nor does he ever waste 
space and time in explaining a con- 
struction, unless it be such an one as 
is not satisfactorily dealt with in the 
grammars of Madvig or Jelf. Expe- 
rience as a pupil and a teacher has 
probably taught him the value of the 
wholesome task of hunting out a gram- 
mar reference for oneself, instead of 
finding it, handy for slurring over, 
amidst the hundred and one pieces of 
information in a voluminous foot-note. 
But whenever there occurs any pecu- 
liarity of construction, which is hard 
toaeconcile to the accepted usage, it is 
Mr. Jebb's general practice to be ready 
at hand with manful assistance."— Con- 
temporary Review. 

"Mr. Jebb has produced a work 
which will be read with interest and 
profit by the most advanced scholar, 
as it contains, in a compact form, not 
only a careful summary of the labours 
of preceding -editors, but also many 
acute and ingenious original remarks. 
We do not know whether the matter 
or the manner of this excellent com- 
mentary is deserving of the higher 
praise : the skill with which Mr. Jebb 
has avoided, on the one hand, the 
wearisome prolixity of the Germans, 
and on the other the jejune brevity of 
the Porsonian critics, or the versatility 
which has enabled him in turn to 
elucidate the plots, to explain the erhal 
difficulties, and to illustrate the idioms 
of -his author. All this, by a studious 
economy of space and a fcmarkahle 
precision of expression, he has done for 
the * Ajax' in a volume ot some 200 
pages. —AtAeneutn. 
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Platonis Phaedo. 

Edited by Alfred Barry, D.D., late Fellow of Trinity Col- 
lege, Cambridge, Principal of King's College, London. 
Crown 8va {In preparation. ) 

Taciti Historiae. 

Edited by W. H. Simcox, M.A., Fellow and Lecturer of 
Queen's College, Oxford. 

Crown 8vo. {In preparation.) 



Thucydidis Historia. 



Edited by Charles Bigg, M.A., late Senior Student and 
Tutor of Christ Church, Oxford. Second Classical Master of 
Cheltenham College. 

Vol. I. Books I. and II. with Introductions. 
Crown 8vo. dr. 



"Mr. Bigg in his 'Thucydides' 
prefixes an analysis to each book, and 
an admirable introduction to the whole 
work, containing full information as to 
all that is known or related of Thucy- 
dides, and the date at which he wrote, 
followed by a very masterly critique 
on some of his characteristics as a 
writer. "— A theiurum. 

"While disclaiming absolute origi- 
nality in his book, Mr. Bigg has so 
thoroughly digested the works of so 
many eminent predecessors in the same 
field, and is evidently on terms of such 
intimacy with his author as perforce 
to inspire confidence. A well-pondered 
and well-written introduction has 
formed a part of each link in the 
' Catena' hitherto published, and Mr. 
Bigg, in addition to a general intro- 
duction, has given us an essay on 
' Some Characteristics of Thucydides/ 
which no one can read without being 



impressed with the learning and Judg- 
ment brought to bear on the subject." 
— Standard. 

"We need hardly say that these 
books are carefully edited ; the reputa- 
tion of the editor is an assurance on 
this point If the rest of the^ history 
is edited with equal care, it must 
become the standard book for school 
and college purposes." — John Bulk 

" Mr. Bigg first discusses the facts 
of the life of Thucydides, then passes 
to an examination into the date at 
which Thucydides wrote ; and in the 
third section expatiates on some cha- 
racteristics of Thucydides. These 
essays are remarkably well written, are 
judicious in their opinions, and are 
calculated to give the student much 
insight into the work of Thucydides, 
and its relation to his own times, and 
to the works of subsequent historians.'' 
— Museum. 
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The Prayer Book Interleaved ; 

with Historical Illustrations and Explanatory Notes arranged 
parallel to the Text, by the Rev. W. M. Campion, B.D., Fellow 
and Tutor of Queens 7 College and Rector of St. Botolph's, 
and the Rev. W. J. Beamont, M.A., late Fellow of Trinity 
College, Cambridge, and Incumbent of St. Michael's, Cam- 
bridge. With a Preface by the Lord Bishop of Ely. 
Fifth Edition. Small 8vo. p. 6d. 



Selections from Modern French Au- 

thors. 

Edited, with English Notes and Introductory Notice, by 
Henri Van Laun, formerly French Master at Cheltenham 
College, and now Master of the French Language and 
Literature at the Edinburgh Academy. 

Part I. — Honor£ de Balzac. 
Part II.— H. A. Taine. 
Crown 8vo. 3*. 6d, each. 



"This selection answers to the re- 
quirements expressed by Mr. Lowe in 
one of his speeches on education, where 
he recommended that boys should be 
attracted to the study of French by 
means of its lighter literature. M. Van 
Laun has executed the task of selec- 
tion with excellent taste. The epi- 
sodes he has chosen from the vast 
' Human Comedy' are naturally such 
as do not deal with passions and 
experiences that are proper to mature 
age. Even thus limited, he had an 
overwhelming variety of materials to 
choose from ; and his selection gives a 
fair impression of the terrible power of 
this wonderful writer, the study of 
whom is one of the most important 
means of self-education open to a cul- 
tivated man in the nineteenth century." 
—Pall Mall Gazette. 



"This is a volume of selections 
from the works of H. A. Taine, a 
celebrated contemporary French au- 
thor. It forms an instalment of a 
series of selections from modern 
French authors Messrs. # Rivingtons 
are now issuing. The print, the ex- 
tracts, and the notes, are as excellent 
as in a previous publication of the 
same kind we lately noticed contain- 
ing extracts from Balzac. The notes, 
in particular, evince great care, study, 
and erudition. The works of Taine, 
from which lengthy quotations are 
given, are, 'Histoire de la Litera- 
ture Anglaise,' * Voyage en Italie,' 
and 'Voyages aux Pyrenees.' These 
compilations would form first-rate class- 
books for advanced French students." 
— Public Opinion. 
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Vol. I. 38J. * 



Vol. II. 2IJ.« 



I o 



o 18 o 



. © IX o 



o 10 o 



Vol. III. 2IJ.« 



7%£ //<?/>/ Z?*#/e?. 

With Notes and Introductions. 

By Chr. Wordsworth, D.D., Bishop of Lincoln; formerly 
Canon of Westminster, and Archdeacon. 

Imperial 8vo. 
Part £ s. a\ 

I. Genesis and Exodus.. Se- 
cond Edition 
II. Leviticus, Numbers, Deu- 
teronomy. Second Edi- 
. tion 

III. Joshua, Judges, Ruth. 
Second Edition . 

IV. The Books of Samuel. 
Second Edition . , . 

V. The Books of Kings, 
Chronicles, Ezra, Nehe- 
miah, Esther* Second 

Edition 110 

' VI. The Book of Job. Second 

Edition 090 

VII. The Book of Psalms. 

Second Edition . . . o 15 o 
VIIL Proverbs, Ecclesiastes* 

Song of Solomon . . o 12 o 

IX. Isaiah. 012 & 

X. Jeremiah, LamentatioKS, 

and Ezekiel . . . . 1 1 o 
XI. The Minor Prophets. 
{In preparation, } 

Liber Precum Publicarum Ecclesicz 

Anglicanae. 
A Gulfalmo Brigki, A.M., et Pttro BtMimiti Mitt, A.M., 

Presbyteris, Collegn Universitatis in Acad. Oxon. Sociis, 
Latinc reddkusw 

In an elegant pocket volume, with all the Rubrics in red. 
New Edition. Small 8vo. 6\r. 



Vol. IV. 34^.< 



Vol. V. 



I 
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Catechesis ; or, Christian Instruction 

preparatory to Confirmation and First Communion. 
By Charles Wordaworth, D.CJL, Bishop of St Andrew's. 
New and cheaper Edition,. Small 8vo. 



" The whole work, in fact, is a mas- 
terly one, whilst doctrinally it leaves 
nothing to be desired. To the clergy 
generally, and for the higher schools 
of all kinds, it will be found most use- 
ful. It is by far the best with which 
we are acquainted ; infinitely superior 
to the common run of catochists' 
manuals." — English Churchman, 

"This is now an old book, but it is 
an uncommonly good one, as we can 
personally testify, having had it in 
more or less constant use for some 
sixteen years. It is a real boon to the 
clergy that they may now have it for 
two shillings." — Literary Churchman. 

" The chief value of the work is in 
its devotional character; its tendency 
every where to make the intellect wait 



2S. 



upon the heart Another most im- 
portant quality is die consistent de- 
ference every where paid to the 
Church's formularies ana Holy Scrip- 
ture; so that it is impossible to regard 
the volume as a party one either way." 
— Clerical Journal. 

"A very valuable manual, drawn 
up with much care. It would be a 
very suitable book to put into the hands 
of children who are fairly well edu- 
cated." — Church Review. 

** It needs no recommendation at our 
hands, for it is properly looked upon 
by many as a standard work. It is 
moreover unquestionably and tho- 
roughly systematic, and conveys much 
information regarding the Christian 
religion." — Union Review. 



Terenti Comoediae. 

Edited by T. L. Papillon, M.A., Fellow and Classical Lee- 
turer of Merton College* Oxford. 

Crown 8vou (In the press.). 



Sophocles: Five Plays, with English 

Notes from Schneidewin. 

Edited by T.. K. Arnold, M. A., the Yen. Archdeacon Paul, 
and the Rev. Henry Browne, M. A. 

i2mo. 

Ajax. £&. Philoctetes. $s. CEdipus Tyrannus. 4*. 
CEdipus Coloneus. 4s - . Antigone. 4s. 
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Aristotelis Ethica Nicomachea 

Edidit, emendavit, crebrisque locis parallelis e libro ipso, aliis- 
que ejusdem Auctoris scriptis, illustravit Jaeobufl E. T. Bogert, 
A.M., CEconomiae Politicae Praelector. 

New Edition. Small 8vo. 4s. 6d. 
Interleaved with writing paper. Half-bound. 6j. 

A rithmetic for the Use of Schools ; 

with a numerous collection of Examples. 

By R. D. Beailey, M. A., Head Master of Grantham Gram- 
mar School, and formerly Fellow of St. John's College, Cam- 
bridge ; Author of " Elements of Plane Trigonometry." 

i2mo. $s. 

The Examples are also sold separately : — 
Part I. — Elementary Rules. &d. 
Part II. — Higher Rules, is. 6d. 



yuvenalis Satirae. 



Edited by O. A. Simcox, M.A., Fellow and Classical Lec- 
turer of Queen's College, Oxford. 

Thirteen Satires. 
Crown 8vo. 3J. 6V. 



" Of Mr.Simcox's 'Juvenal' we can 
only speak in terms of the highest com- 
mendation, as a simple, unpretending 
work, admirably adapted to the wants 
of the school-boy or of a college pass- 
man. It is clear, concise, and scrupu- 
lously honest in shirking no real diffi- 
culty. The pointed epigrammatic hits 
of the satirist are every where well 
brought out, and the notes really are 
what they profess to be, explanatory 
in the best sense of the term." — London 
Review. 

" This is a link in the Catena Clas- 
sicorum to which the attention of our 
readers has been more than once 
directed as a good Series of Classical 
Works for School and College pur- 
poses. The Introduction is a very 
comprehensive and able account of 



Juvenal, his Satires, and the Manu- 
scripts."—^ theneeum. 

"This is a very original and enjoy- 
able Edition of one of our favourite 
classics. " — Spectator. 

" Every class of readers — those who 
use Mr. Simcox as their sole inter- 
preter, and those who supplement 
larger editions by his concise matter 
— will alike find interest and careful 
research in his able Preface. This, 
indeed, we should call the great feature 
of his book. The three facts which 
sum up Juvenal's history so far as we 
know it are soon despatched ; but the 
internal evidence both as to the dates 
of his writing and publishing his 
Satires, and as to his character as a 
writer, occupy some fifteen or twenty 
pages, which will repay methodical 
study." — Churchman. 
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A Practical Introduction to Greek 

Accidence. With Easy Exercises and Vocabulary. 
By Thomas Xerchever Arnold, M.A. 

Eighth Edition. 8vo. $s. 6d. 



The New Testament for English 

Readers ; containing the Authorized Version, with a revised 
English Text; Marginal References; and a Critical and Expla- 
natory Commentary. 

By Henry Alford, D.D., Dean of Canterbury. 

2 Vols. 54X. 6d. 
Separately, 
Vol. 1, Part I.— The Three First Gospels, with a Map. 

Second Edition. 1 is. 
Vol. 1, Part II. — St. John and the Acts. Second Edition. 

1 or. 6d. 
Vol. 2, Part I.— The Epistles of St. Paul, with a Map. 16s. 
Vol. 2, Part II. — Hebrews to Revelation. 8vo. i&r. 



An Introduction to the Devotional 

Study of the Holy Scriptures. 
By Edward Meyrick Goulburn, D.D., Dean of Norwich. 
Ninth Edition. Small 8vo. $s. 6d. 



A Catechism compiled and arranged 

for the use of Young Persons. 

By Edwaud B. Bamaay, M.A., Incumbent of St. John the 
Evangelist, Edinburgh, and Dean of the Diocese. 
Eighth Edition. i8mo. is. 6d. 

3$fgij Street, ©xfortr; ©rfoftn Street, ©ambrtoge 
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Theophilus Anglic anus ; or, Instruc- 
tion concerning the Church, and the Anglican Branch, of it. 
For the use of Schools, Colleges* and Candidates for Holy 
Orders. 
By Chr. Wordsworth, D.D., Bishop of Lincoln. 
Ninth Edition. Small 8vo. &r. 



A Dictionary of the English Lan- 

guage. 

By Bobert Gordon Latham, M.A., M.D., F.R.S., &c, late 
Fellow of King's College, Cambridge, Author of " The English 
Language/' &c Founded on that of Dr. Samuel Johnson as 
edited by the Rev. H. J. Toad* M. A. With numerous Emenda- 
tions and Additions. 

2 Vols. 4to. 7/: 



Outlines of Norwegian Grammar y with 

Exercises ; being a Help towards acquiring a practical Know- 
ledge of the Language. 
By J. T. Sargent, M. A. , Fellow of Magdalen College, Oxford. 

Small 8vo. y. 



The First Hebrew Book ; 

on the Plan of " Henry's First Latin Book." 
By Thomas Kerchever Arnold, M. A. 

Third Edition* iixno. p- 6d. Key;. &-6d. 

In this Manual, the difficulties by a considerable part of the book the 
which learners are most commonly paradigms and exercises are printed 



deterred from the study of Hebrew both in Hebrew* and English cha- 
are smoothed by a gradual exhibition racters. 
of the facts of the language. Through 
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7%£ Second Hebrew Book ; containing, 

the Book of Genesis* With Syntax and Vocabulary. 
By TfcMM Xerobmr AsmU> M. A. 

i2mo. 91L 

Historice Antiques Epitome; from 

Cornelius Nepos, Justin, &c. With English Notes, Rules for 
Construing, Questions, and Geographical Lists. 
By Thomas Xerchtver Arnold, M.A. 

Eighth Edition. i2mo. 4s. 

P. Virgilii Maronis ABneidos Libri 

I. — VI., with English Notes* chiefly from the Edition of 
P. Wagner. 

By T. Clayton, M.A., and G. 8. Jerram, M.A.,. formerly 
Scholars of Trinity College, Oxford. 

Small 8vo. \s. 6d. 

Homer for Beginners ; containing the 

Iliad, Books I. — III., with English Notes \. forming a sufficient 
Commentary for Young Students. 
Edited by Tfeftmai Xerenover Arnold, M.A. 
Third Edition, iimo. 3s. 6d. 

A Practical Introduction to Greek 

Prose Composition. Part the First. 
By Thomas Xerekever Arnold, M.A. 

Tenth Edition. 8vo. $s. 6V. 



In this Work the Syntax is broken 
up into short lessons, each followed by 
a Vocabulary and Exercise^ and pre- 
ceded by Kfodel Sentences in Greek, 
containing examples of die roles, whilst 
each exercise contains many examples 
of the back rules, so that by imitation 
and very frequent repetition they may 



be thoroughly impressed upon the 
mind. The pupil thus gradually learns 
the niceties of the language, whilst 
one object is steadily kept in view, 
that of making the general construc- 
tion 0/ sentences of more importance 
than the mere government of cases. 
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A Syntax of the Greek Language, 

especially of the Attic Dialect, for the use of Schools. 

By Dr. J. H. Kadvig, Professor in the University of Copen- 
hagen. Translated from the German by the Rev. Henry 
Browne, M.A., and Edited by the late Rev. Thomas Xerchever 
Arnold, M.A. With an Appendix on the Greek Particles, by 
the Translator. 

Square 8vo. $s. 6d. 

The Theatre of the Greeks : a Series of 

Papers relating to the History and Criticism of the Greek 
Drama. With an original Introduction and Notes. 
By John William Donaldson, D.D. 

Seventh Edition, 8vo. 14J. 

A Practical Introduction to Latin 

Verse Composition. 
By Thomas Kerchever Arnold, M. A. 

Fourth Edition. i2mo. $s. 6d. 



This Work supposes the pupil to be 
already capable of composing verses 
easily when the " full sense" is given. 
Its object is to facilitate his transition 
to original composition in Elegiacs 
and Hexameters, and to teach him to 
compose the Alcaic and Sapphic 
stanzas : explanations and a few exer- 
cises are also given on the other Hora- 
tian metres. A short Poetical Phrase- 
ology is added. 



In the present Edition the whole 
Work has been corrected, the transla- 
tions being carefully compared with 
the originals. The Alcaics and Sap- 
phics have been arranged in stanzas, 
and each kind of verse placed in a 
separate chapter, the old numbers of 
the Exercises being preserved for con- 
venience in use. Other improvements 
have been made which it is hoped will, 
add to its value. 



An Analysis of the Exposition of the 

Creed, written by the Right Reverend Father in God, 
J. Pearson, D.D., late Lord Bishop of Chester. Compiled 
with some additional matter occasionally interspersed, for the 
use of Students of Bishop's College, Calcutta. By W. H. Mill, 
D.D. 

Third Edition. 8vo. $s. 
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The Homilies y with various Readings, 

and the Quotations from the Fathers in the Original Languages. 
Edited by Q. E. Corrie, D.D. 

8vo. 1 or. 6d. 

Materials and Models for Greek and 

Latin Prose Composition. Selected and arranged by J. T. 
Sargent, M.A., Tutor, late Fellow of Magdalen College, 
Oxford; and T. F. Dallin, M.A., Fellow and Tutor of Queen's 
College, Oxford. 

. Crown 8vo. (In the Press.) 

An Outline of Logic, 

for the use of Teachers and Students. 

By Francis Garden, M.A., Trinity College, Cambridge, Sub- 
Dean of Her Majesty's Chapels Royal ; Chaplain to the House- 
hold in St. James's Palace ; Professor of Mental and Moral 
Science, Queen's College, London. 

Small 8vo. 4s. 

The Syntax and Synonyms of the 

Greek Testament. 

By William Webster, M. A., late Fellow of Queens' College, 

Cambridge. 

8vo. $s. 

The Syntax is based upon Donald- not been noticed by other writers. In 

son's, with extracts from the writings another chapter attention is drawn to 

of eminent English Theologians of the some passages in which the Authorized 

present day. The chapter on Syno- Version is inexact or obscure. Copious 

nyms treats of many words which have Indices are added. 

A Key to the Knowledge and Use of 

the Holy Bible. 
By John Henry Blunt, M.A. 

Small 8vo. is, 6d. 

tyitf) Street, <$xfortr; &rtaitw Street, Cambridge 
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A Key to the Knowledge and Use of 

the Book of Common Prayer. 
By the same Author. 

Small 8vo. is. iyd. 

A Key to the Knowledge of Church 

History. (Ancient. ) 
Edited by John Henry Blunt, M. A. 
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